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NUMA Governing Equations
NUMA High-Altitude 

No assumption on gas 
constants - can be 
spatially and temporally 
varying. 

CLIMA 
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Governing Equations: Contravariant Form

For Conservation Law 

with Cartesian coordinates 

The contravariant form is 

with contravariant vectors

5

∂ ⃗q
∂t

+ ∇ ⋅ ⃗F = ⃗0

∇ =
∂
∂x

⃗e x +
∂
∂y

⃗e y +
∂
∂z

⃗e z

∂ ⃗q
∂t

+
1

J(e)

3

∑
i=1

∂
∂ξi

(J(e) ⃗F ξi) = ⃗0

⃗F ξi = ⃗F ⋅ ∇ξi

Mass Conservation
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Governing Equations: Contravariant Form

For contravariant form 

We can easily decompose along 
grid directions as follows 

with the horizontal component
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This allows for a straightforward implementation of HEVI schemes regardless of the 
underlying coordinate system (e.g., Cartesian). This way we can build one code that 
handles both flow on a sphere (GCM) and in a box (mesoscale and LES).
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Element-based Galerkin Methods*

⌦e

�e
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Domain decomposition Reference element

Basis functions - Lagrange polynomials

Legendre-Gauss-Lobatto points

-1 1
-1

1

0

0

Approximate local solution as:

 j(x)
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* F.X. Giraldo. An Introduction to Element-Based Galerkin Methods on Tensor-Product Bases: Analysis, Algorithms, and Applications, 
Springer Texts in Computational Science and Engineering, Series Volume 24, ISBN: 978-3-030-55068-4 (2020)



Continuous/discontinuous Galerkin methods

SN = S(qN )
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Problem statement:

qN 2 S 8 2 S
<latexit sha1_base64="UbcqIMbwKRQN/GvGWcQpCpgpXi8=">AAACJ3icbVDLSsNAFJ3UV62vqks3g0VwVRIpqCsLblxJRWsLTQg3k0k7dDJJZyZCCf0cN/6KGxEVXfonTh8LbT0wcDjnXObeE6ScKW3bX1ZhaXllda24XtrY3NreKe/u3askk4Q2ScIT2Q5AUc4EbWqmOW2nkkIccNoK+pdjv/VApWKJuNPDlHoxdAWLGAFtJL984cage0GUD0b+NXaZwBOBAM9vR9gdZBBiN0okcI7dVLH5iF+u2FV7ArxInBmpoBkafvnVDROSxVRowkGpjmOn2stBakY4HZXcTNEUSB+6tGOogJgqL58cOsJHRgmxWcc8ofFE/T2RQ6zUMA5McryimvfG4n9eJ9PRmZczkWaaCjL9KMo41gket4ZDJinRfGgIEMnMrpj0QALRptuSKcGZP3mRNE+q51X7plap12ZtFNEBOkTHyEGnqI6uUAM1EUGP6Bm9oXfryXqxPqzPabRgzWb20R9Y3z/TGqad</latexit><latexit sha1_base64="UbcqIMbwKRQN/GvGWcQpCpgpXi8=">AAACJ3icbVDLSsNAFJ3UV62vqks3g0VwVRIpqCsLblxJRWsLTQg3k0k7dDJJZyZCCf0cN/6KGxEVXfonTh8LbT0wcDjnXObeE6ScKW3bX1ZhaXllda24XtrY3NreKe/u3askk4Q2ScIT2Q5AUc4EbWqmOW2nkkIccNoK+pdjv/VApWKJuNPDlHoxdAWLGAFtJL984cage0GUD0b+NXaZwBOBAM9vR9gdZBBiN0okcI7dVLH5iF+u2FV7ArxInBmpoBkafvnVDROSxVRowkGpjmOn2stBakY4HZXcTNEUSB+6tGOogJgqL58cOsJHRgmxWcc8ofFE/T2RQ6zUMA5McryimvfG4n9eJ9PRmZczkWaaCjL9KMo41gket4ZDJinRfGgIEMnMrpj0QALRptuSKcGZP3mRNE+q51X7plap12ZtFNEBOkTHyEGnqI6uUAM1EUGP6Bm9oXfryXqxPqzPabRgzWb20R9Y3z/TGqad</latexit><latexit sha1_base64="UbcqIMbwKRQN/GvGWcQpCpgpXi8=">AAACJ3icbVDLSsNAFJ3UV62vqks3g0VwVRIpqCsLblxJRWsLTQg3k0k7dDJJZyZCCf0cN/6KGxEVXfonTh8LbT0wcDjnXObeE6ScKW3bX1ZhaXllda24XtrY3NreKe/u3askk4Q2ScIT2Q5AUc4EbWqmOW2nkkIccNoK+pdjv/VApWKJuNPDlHoxdAWLGAFtJL984cage0GUD0b+NXaZwBOBAM9vR9gdZBBiN0okcI7dVLH5iF+u2FV7ArxInBmpoBkafvnVDROSxVRowkGpjmOn2stBakY4HZXcTNEUSB+6tGOogJgqL58cOsJHRgmxWcc8ofFE/T2RQ6zUMA5McryimvfG4n9eJ9PRmZczkWaaCjL9KMo41gket4ZDJinRfGgIEMnMrpj0QALRptuSKcGZP3mRNE+q51X7plap12ZtFNEBOkTHyEGnqI6uUAM1EUGP6Bm9oXfryXqxPqzPabRgzWb20R9Y3z/TGqad</latexit>

Find
SCG = { 2 H

1(⌦) :  2 PN (⌦e) 8⌦e}
<latexit sha1_base64="h1UXuj87hmgqMpdRGCgJWYQ6c9s="></latexit><latexit sha1_base64="h1UXuj87hmgqMpdRGCgJWYQ6c9s="></latexit><latexit sha1_base64="h1UXuj87hmgqMpdRGCgJWYQ6c9s="></latexit>

SDG = { 2 L2(⌦) :  2 PN (⌦e) 8⌦e}
<latexit sha1_base64="46l5go4oxwj5QzkMvQJGMGEF3ho="></latexit><latexit sha1_base64="46l5go4oxwj5QzkMvQJGMGEF3ho="></latexit><latexit sha1_base64="46l5go4oxwj5QzkMvQJGMGEF3ho="></latexit>

{
such that

Governing equation:

Approximate the global solution as: qN (x, t) =
MNX

i=1

 i(x)qi(t)
<latexit sha1_base64="x7BwIokVdTcSWyEALwCCteD2YaI="></latexit><latexit sha1_base64="x7BwIokVdTcSWyEALwCCteD2YaI="></latexit><latexit sha1_base64="x7BwIokVdTcSWyEALwCCteD2YaI="></latexit>

FN = F(qN )
<latexit sha1_base64="9FmamwERnpV6gKgNZW8RYp1xVPo=">AAACD3icdVDLSgMxFM34rPU16tJNsIh1M2TaTrULoSCIK6lgbaEtJZNm2tDMwyQjlKGf4MZfceNCxa1bd/6N6Qsf6IHAyTn3cu89bsSZVAh9GHPzC4tLy6mV9Ora+samubV9LcNYEFolIQ9F3cWSchbQqmKK03okKPZdTmtu/3Tk126pkCwMrtQgoi0fdwPmMYKVltrmQdPHqud6ydmwfQFP4Nc3O6M32jlsmxlkobzjlIoQWXlkO3ZBk6KdyzkI2hYaIwOmqLTN92YnJLFPA0U4lrJho0i1EiwUI5wO081Y0giTPu7ShqYB9qlsJeODhnBfKx3ohUK/QMGx+r0jwb6UA9/VlaMl5W9vJP7lNWLlHbcSFkSxogGZDPJiDlUIR+nADhOUKD7QBBPB9K6Q9LDAROkM0zqE2aXwf1LNWSULXRYy5cI0jRTYBXsgC2xwBMrgHFRAFRBwBx7AE3g27o1H48V4nZTOGdOeHfADxtsn2rKcpw==</latexit><latexit sha1_base64="9FmamwERnpV6gKgNZW8RYp1xVPo=">AAACD3icdVDLSgMxFM34rPU16tJNsIh1M2TaTrULoSCIK6lgbaEtJZNm2tDMwyQjlKGf4MZfceNCxa1bd/6N6Qsf6IHAyTn3cu89bsSZVAh9GHPzC4tLy6mV9Ora+samubV9LcNYEFolIQ9F3cWSchbQqmKK03okKPZdTmtu/3Tk126pkCwMrtQgoi0fdwPmMYKVltrmQdPHqud6ydmwfQFP4Nc3O6M32jlsmxlkobzjlIoQWXlkO3ZBk6KdyzkI2hYaIwOmqLTN92YnJLFPA0U4lrJho0i1EiwUI5wO081Y0giTPu7ShqYB9qlsJeODhnBfKx3ohUK/QMGx+r0jwb6UA9/VlaMl5W9vJP7lNWLlHbcSFkSxogGZDPJiDlUIR+nADhOUKD7QBBPB9K6Q9LDAROkM0zqE2aXwf1LNWSULXRYy5cI0jRTYBXsgC2xwBMrgHFRAFRBwBx7AE3g27o1H48V4nZTOGdOeHfADxtsn2rKcpw==</latexit><latexit sha1_base64="9FmamwERnpV6gKgNZW8RYp1xVPo=">AAACD3icdVDLSgMxFM34rPU16tJNsIh1M2TaTrULoSCIK6lgbaEtJZNm2tDMwyQjlKGf4MZfceNCxa1bd/6N6Qsf6IHAyTn3cu89bsSZVAh9GHPzC4tLy6mV9Ora+samubV9LcNYEFolIQ9F3cWSchbQqmKK03okKPZdTmtu/3Tk126pkCwMrtQgoi0fdwPmMYKVltrmQdPHqud6ydmwfQFP4Nc3O6M32jlsmxlkobzjlIoQWXlkO3ZBk6KdyzkI2hYaIwOmqLTN92YnJLFPA0U4lrJho0i1EiwUI5wO081Y0giTPu7ShqYB9qlsJeODhnBfKx3ohUK/QMGx+r0jwb6UA9/VlaMl5W9vJP7lNWLlHbcSFkSxogGZDPJiDlUIR+nADhOUKD7QBBPB9K6Q9LDAROkM0zqE2aXwf1LNWSULXRYy5cI0jRTYBXsgC2xwBMrgHFRAFRBwBx7AE3g27o1H48V4nZTOGdOeHfADxtsn2rKcpw==</latexit>

@q

@t
+r · F(q) = S(q)

<latexit sha1_base64="+0fQ1bKohi71uF6G+hapvT6zQ+E="></latexit><latexit sha1_base64="+0fQ1bKohi71uF6G+hapvT6zQ+E="></latexit><latexit sha1_base64="+0fQ1bKohi71uF6G+hapvT6zQ+E="></latexit>

Define residual:

Z

⌦e

 iR(qN )d⌦e = 0
<latexit sha1_base64="KNU974nV2f13Z+9QPPk+pWoNdBo="></latexit><latexit sha1_base64="KNU974nV2f13Z+9QPPk+pWoNdBo="></latexit><latexit sha1_base64="KNU974nV2f13Z+9QPPk+pWoNdBo="></latexit>

R(qN ) ⌘ @qN

@t
+r · FN � SN = ✏

<latexit sha1_base64="baHmsJEvizZU3RwZdl7GbkhKABA="></latexit><latexit sha1_base64="baHmsJEvizZU3RwZdl7GbkhKABA="></latexit><latexit sha1_base64="baHmsJEvizZU3RwZdl7GbkhKABA="></latexit>

test function
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Integral form:

Integration by parts:

volume integralsface integral

Matrix form:

Z

⌦e

 iR(q(e)
N )d⌦e = 0

<latexit sha1_base64="xli+QhO2O6RbfTpOB4zZGV+5i7Q="></latexit><latexit sha1_base64="xli+QhO2O6RbfTpOB4zZGV+5i7Q="></latexit><latexit sha1_base64="xli+QhO2O6RbfTpOB4zZGV+5i7Q="></latexit>

M (e)
ij =

Z

⌦e

 i jd⌦e
<latexit sha1_base64="nAtm5r2cL+QMwFAQSOZqovs1vb0="></latexit><latexit sha1_base64="nAtm5r2cL+QMwFAQSOZqovs1vb0="></latexit><latexit sha1_base64="nAtm5r2cL+QMwFAQSOZqovs1vb0="></latexit>

M(e,f)
ij =

Z

�e

 i jn
(e,f)d�e

<latexit sha1_base64="dGzuN2yDmHs7UoXgeZ5jaxzDUjA="></latexit><latexit sha1_base64="dGzuN2yDmHs7UoXgeZ5jaxzDUjA="></latexit><latexit sha1_base64="dGzuN2yDmHs7UoXgeZ5jaxzDUjA="></latexit>

mass matrix face mass matrix differentiation matrix

D̃(e)
ij =

Z

⌦e

r i jd⌦e
<latexit sha1_base64="Cgrh6KkbCN/+/l5QmqIrxV5AcD0="></latexit><latexit sha1_base64="Cgrh6KkbCN/+/l5QmqIrxV5AcD0="></latexit><latexit sha1_base64="Cgrh6KkbCN/+/l5QmqIrxV5AcD0="></latexit>

Z

⌦e

 i
@q(e)

N

@t
d⌦e +

Z

⌦e

 ir · F(e)
N d⌦e �

Z

⌦e

 iS
(e)
N d⌦e = 0

<latexit sha1_base64="YmMsdpAwy1zvDbIdgUp6OVDkJ5I="></latexit><latexit sha1_base64="YmMsdpAwy1zvDbIdgUp6OVDkJ5I="></latexit><latexit sha1_base64="YmMsdpAwy1zvDbIdgUp6OVDkJ5I="></latexit>

Z

⌦e

 i
@q(e)

N

@t
d⌦e +

Z

�e

n ·  iF
(e)
N d�e �

Z

⌦e

r i · F(e)
N d⌦e �

Z

⌦e

 iS
(e)
N d⌦e = 0

<latexit sha1_base64="pcRFyhP30DoSFZUTXZO79OZQv04="></latexit><latexit sha1_base64="pcRFyhP30DoSFZUTXZO79OZQv04="></latexit><latexit sha1_base64="pcRFyhP30DoSFZUTXZO79OZQv04="></latexit><latexit sha1_base64="C39OhB+IczRcjLNINXH29e9lt8M=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCpTN+pOcOOygmML7VAymTttaCYzJHeEMvQFXLhRfDB3vo3pz0KtBwIf5yTk3hMXSloKgi+vtrW9s7tX3/cPGv7h0XGz8WTz0ggMRa5y04+5RSU1hiRJYb8wyLNYYS+e3i3y3jMaK3P9SLMCo4yPtUyl4OSs7qjZCtrBUmwTOmtowVqj5ucwyUWZoSahuLWDTlBQVHFDUiic+8PSYsHFlI9x4FDzDG1ULcecs3PnJCzNjTua2NL9+aLimbWzLHY3M04T+zdbmP9lg5LS66iSuigJtVh9lJaKUc4WO7NEGhSkZg64MNLNysSEGy7INeO7Djp/N96E8LJ90w4eAqjDKZzBBXTgCm7hHroQgoAEXuDNm3iv3vuqqpq37uwEfsn7+Aap5IoM</latexit><latexit sha1_base64="ZX2f1pWo6zqTPqaLprdMm7lh5KA="></latexit><latexit sha1_base64="ZX2f1pWo6zqTPqaLprdMm7lh5KA="></latexit><latexit sha1_base64="wP50S6XMNOuC8wGB68l1imhVd3Q="></latexit><latexit sha1_base64="pcRFyhP30DoSFZUTXZO79OZQv04="></latexit><latexit sha1_base64="pcRFyhP30DoSFZUTXZO79OZQv04="></latexit><latexit sha1_base64="pcRFyhP30DoSFZUTXZO79OZQv04="></latexit><latexit sha1_base64="pcRFyhP30DoSFZUTXZO79OZQv04="></latexit><latexit sha1_base64="pcRFyhP30DoSFZUTXZO79OZQv04="></latexit>

M (e)
ij

dq(e)
j

dt
+

NfacesX

f=1

⇣
M(e,f)

ij

⌘T
F(e,f,⇤)

j �
⇣
D̃(e)

ij

⌘T
F(e)

ij � S(e)
i = 0

<latexit sha1_base64="prGTSrcpETrs6owjz4VJRnq9E5k="></latexit><latexit sha1_base64="prGTSrcpETrs6owjz4VJRnq9E5k="></latexit><latexit sha1_base64="prGTSrcpETrs6owjz4VJRnq9E5k="></latexit><latexit sha1_base64="C39OhB+IczRcjLNINXH29e9lt8M=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCpTN+pOcOOygmML7VAymTttaCYzJHeEMvQFXLhRfDB3vo3pz0KtBwIf5yTk3hMXSloKgi+vtrW9s7tX3/cPGv7h0XGz8WTz0ggMRa5y04+5RSU1hiRJYb8wyLNYYS+e3i3y3jMaK3P9SLMCo4yPtUyl4OSs7qjZCtrBUmwTOmtowVqj5ucwyUWZoSahuLWDTlBQVHFDUiic+8PSYsHFlI9x4FDzDG1ULcecs3PnJCzNjTua2NL9+aLimbWzLHY3M04T+zdbmP9lg5LS66iSuigJtVh9lJaKUc4WO7NEGhSkZg64MNLNysSEGy7INeO7Djp/N96E8LJ90w4eAqjDKZzBBXTgCm7hHroQgoAEXuDNm3iv3vuqqpq37uwEfsn7+Aap5IoM</latexit><latexit sha1_base64="cPOi6EzM15QCKmo4uJ8ShHQh/HQ="></latexit><latexit sha1_base64="cPOi6EzM15QCKmo4uJ8ShHQh/HQ="></latexit><latexit sha1_base64="LNf+HHQoKsrDTeNVDeIBntqi/Nw="></latexit><latexit sha1_base64="prGTSrcpETrs6owjz4VJRnq9E5k="></latexit><latexit sha1_base64="prGTSrcpETrs6owjz4VJRnq9E5k="></latexit><latexit sha1_base64="prGTSrcpETrs6owjz4VJRnq9E5k="></latexit><latexit sha1_base64="prGTSrcpETrs6owjz4VJRnq9E5k="></latexit><latexit sha1_base64="prGTSrcpETrs6owjz4VJRnq9E5k="></latexit>

Z

⌦e

 ir · F(e)
N d⌦e =

Z

⌦e

r · ( iF
(e)
N )d�e �

Z

⌦e

r i · F(e)
N d⌦e =

Z

�e

n ·  iF
(e)
N d�e �

Z

⌦e

r i · F(e)
N d⌦e

<latexit sha1_base64="fO7JOzkGt61cDIhEZNzp5OgyBrY="></latexit><latexit sha1_base64="fO7JOzkGt61cDIhEZNzp5OgyBrY="></latexit><latexit sha1_base64="fO7JOzkGt61cDIhEZNzp5OgyBrY="></latexit>
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Unified CG/DG methods

ECMWF Annual Seminar 2020

1. Evaluate “volume” integrals on element interiors

2. DG: evaluate flux integrals2. CG: direct stiffness summation

3. Divide by mass matrix and time step

Z

⌦e

 i
@q(e)

N

@t
d⌦e +

Z

�e

n ·  iF
(e)
N d�e �

Z

⌦e

r i · F(e)
N d⌦e �

Z

⌦e

 iS
(e)
N d⌦e = 0

<latexit sha1_base64="6xOY9m45DjaEF0dAnGQeRmNVJ64="></latexit><latexit sha1_base64="6xOY9m45DjaEF0dAnGQeRmNVJ64="></latexit><latexit sha1_base64="6xOY9m45DjaEF0dAnGQeRmNVJ64="></latexit>

R(e) :=

Z

⌦e

r i · F(e)
N d⌦e +

Z

⌦e

 iS
(e)
N d⌦e

<latexit sha1_base64="XIII/dNBBsz97OdiZYGwQ2LWZY4="></latexit><latexit sha1_base64="XIII/dNBBsz97OdiZYGwQ2LWZY4="></latexit><latexit sha1_base64="XIII/dNBBsz97OdiZYGwQ2LWZY4="></latexit>

R := dR(e)
<latexit sha1_base64="FKo6meerIO3fQYsCqoDmD5kIysU=">AAACEHicbZDLSsNAFIYnXmu9VV26GSxC3ZRUCl5AKLhxWYuxhaaWyfSkHTq5MDNRSsgruPFV3LhQcevSnW/jJM1CW38Y+PjPOcw5vxNyJpVpfhsLi0vLK6uFteL6xubWdmln91YGkaBg0YAHouMQCZz5YCmmOHRCAcRzOLSd8WVab9+DkCzwb9QkhJ5Hhj5zGSVKW/1SpYVtj6iRAB5nEITnyQW2H9gARkTFuHUXV+AoSfqlslk1M+F5qOVQRrma/dKXPQho5IGvKCdSdmtmqHoxEYpRDknRjiSEhI7JELoafeKB7MXZRQk+1M4Au4HQz1c4c39PxMSTcuI5ujNdWs7WUvO/WjdS7mkvZn4YKfDp9CM34lgFOI0HD5gAqvhEA6GC6V0xHRFBqNIhFnUItdmT58E6rp5Vzet6uVHP0yigfXSAKqiGTlADXaEmshBFj+gZvaI348l4Md6Nj2nrgpHP7KE/Mj5/AGeinOc=</latexit><latexit sha1_base64="FKo6meerIO3fQYsCqoDmD5kIysU=">AAACEHicbZDLSsNAFIYnXmu9VV26GSxC3ZRUCl5AKLhxWYuxhaaWyfSkHTq5MDNRSsgruPFV3LhQcevSnW/jJM1CW38Y+PjPOcw5vxNyJpVpfhsLi0vLK6uFteL6xubWdmln91YGkaBg0YAHouMQCZz5YCmmOHRCAcRzOLSd8WVab9+DkCzwb9QkhJ5Hhj5zGSVKW/1SpYVtj6iRAB5nEITnyQW2H9gARkTFuHUXV+AoSfqlslk1M+F5qOVQRrma/dKXPQho5IGvKCdSdmtmqHoxEYpRDknRjiSEhI7JELoafeKB7MXZRQk+1M4Au4HQz1c4c39PxMSTcuI5ujNdWs7WUvO/WjdS7mkvZn4YKfDp9CM34lgFOI0HD5gAqvhEA6GC6V0xHRFBqNIhFnUItdmT58E6rp5Vzet6uVHP0yigfXSAKqiGTlADXaEmshBFj+gZvaI348l4Md6Nj2nrgpHP7KE/Mj5/AGeinOc=</latexit><latexit sha1_base64="FKo6meerIO3fQYsCqoDmD5kIysU=">AAACEHicbZDLSsNAFIYnXmu9VV26GSxC3ZRUCl5AKLhxWYuxhaaWyfSkHTq5MDNRSsgruPFV3LhQcevSnW/jJM1CW38Y+PjPOcw5vxNyJpVpfhsLi0vLK6uFteL6xubWdmln91YGkaBg0YAHouMQCZz5YCmmOHRCAcRzOLSd8WVab9+DkCzwb9QkhJ5Hhj5zGSVKW/1SpYVtj6iRAB5nEITnyQW2H9gARkTFuHUXV+AoSfqlslk1M+F5qOVQRrma/dKXPQho5IGvKCdSdmtmqHoxEYpRDknRjiSEhI7JELoafeKB7MXZRQk+1M4Au4HQz1c4c39PxMSTcuI5ujNdWs7WUvO/WjdS7mkvZn4YKfDp9CM34lgFOI0HD5gAqvhEA6GC6V0xHRFBqNIhFnUItdmT58E6rp5Vzet6uVHP0yigfXSAKqiGTlADXaEmshBFj+gZvaI348l4Md6Nj2nrgpHP7KE/Mj5/AGeinOc=</latexit> R := R(e) �

Z

�e

n ·r iF
(e)
N d�e

<latexit sha1_base64="5xb71Mq1GlXmEi41VqiU6Z+2PnY="></latexit><latexit sha1_base64="5xb71Mq1GlXmEi41VqiU6Z+2PnY="></latexit><latexit sha1_base64="5xb71Mq1GlXmEi41VqiU6Z+2PnY="></latexit>

dqi

dt
= M�1

ij Rj
<latexit sha1_base64="v5jhIrLZFDModq+68Y0IqxKsLoE=">AAACJnicbZDLSgMxFIYzXmu9jbp0EyyCG8uMFNSFUnDjRqhibaEzDpk006bNXEwyQgnzNm58FTeCF8Sdj2Km7aK2Hgh8/P855JzfTxgV0rK+jbn5hcWl5cJKcXVtfWPT3Nq+E3HKManjmMW86SNBGI1IXVLJSDPhBIU+Iw2/f5H7jUfCBY2jWzlIiBuiTkQDipHUkmeeOwFHWDkhkl0eqnYGh+gH6iHzaDZpyAyewStP0V52rw7tDN54Pc8sWWVrWHAW7DGUwLhqnvnmtGOchiSSmCEhWraVSFchLilmJCs6qSAJwn3UIS2NEQqJcNXwzgzua6UNg5jrF0k4VCcnFAqFGIS+7szXFtNeLv7ntVIZnLiKRkkqSYRHHwUpgzKGeWiwTTnBkg00IMyp3hXiLtLBSR1tUYdgT588C/Wj8mnZuq6UqpVxGgWwC/bAAbDBMaiCS1ADdYDBE3gB7+DDeDZejU/ja9Q6Z4xndsCfMn5+ATNOptw=</latexit><latexit sha1_base64="v5jhIrLZFDModq+68Y0IqxKsLoE=">AAACJnicbZDLSgMxFIYzXmu9jbp0EyyCG8uMFNSFUnDjRqhibaEzDpk006bNXEwyQgnzNm58FTeCF8Sdj2Km7aK2Hgh8/P855JzfTxgV0rK+jbn5hcWl5cJKcXVtfWPT3Nq+E3HKManjmMW86SNBGI1IXVLJSDPhBIU+Iw2/f5H7jUfCBY2jWzlIiBuiTkQDipHUkmeeOwFHWDkhkl0eqnYGh+gH6iHzaDZpyAyewStP0V52rw7tDN54Pc8sWWVrWHAW7DGUwLhqnvnmtGOchiSSmCEhWraVSFchLilmJCs6qSAJwn3UIS2NEQqJcNXwzgzua6UNg5jrF0k4VCcnFAqFGIS+7szXFtNeLv7ntVIZnLiKRkkqSYRHHwUpgzKGeWiwTTnBkg00IMyp3hXiLtLBSR1tUYdgT588C/Wj8mnZuq6UqpVxGgWwC/bAAbDBMaiCS1ADdYDBE3gB7+DDeDZejU/ja9Q6Z4xndsCfMn5+ATNOptw=</latexit><latexit sha1_base64="v5jhIrLZFDModq+68Y0IqxKsLoE=">AAACJnicbZDLSgMxFIYzXmu9jbp0EyyCG8uMFNSFUnDjRqhibaEzDpk006bNXEwyQgnzNm58FTeCF8Sdj2Km7aK2Hgh8/P855JzfTxgV0rK+jbn5hcWl5cJKcXVtfWPT3Nq+E3HKManjmMW86SNBGI1IXVLJSDPhBIU+Iw2/f5H7jUfCBY2jWzlIiBuiTkQDipHUkmeeOwFHWDkhkl0eqnYGh+gH6iHzaDZpyAyewStP0V52rw7tDN54Pc8sWWVrWHAW7DGUwLhqnvnmtGOchiSSmCEhWraVSFchLilmJCs6qSAJwn3UIS2NEQqJcNXwzgzua6UNg5jrF0k4VCcnFAqFGIS+7szXFtNeLv7ntVIZnLiKRkkqSYRHHwUpgzKGeWiwTTnBkg00IMyp3hXiLtLBSR1tUYdgT588C/Wj8mnZuq6UqpVxGgWwC/bAAbDBMaiCS1ADdYDBE3gB7+DDeDZejU/ja9Q6Z4xndsCfMn5+ATNOptw=</latexit>

NUMA carries three types of storage: CGc, CGd, and DG. 

CLIMA only carries DG.
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NUMA-G is on course to go operational inside of U.S. Navy’s NEPTUNE system 

NUMA-HA* and NUMA-LES are our current focus: 

global model requirements are different from LES model requirements (e.g., 
time-integration strategy ), as are stratospheric vs thermospheric model 
requirements (e.g., time-integration). 

Many tools currently in NUMA can be leveraged to answer interesting 
questions. E.g., (all results shown with equation set 4NC) 

1. What do we need to change in earth weather model for use in high-
altitude simulations (~500 km)? (Result 1). 

2. What is the role of high-order accuracy (Taylor-Green Vortex) (Result 2). 

3. How does positivity-preservation behave with AMR EBG methods (Result 3)

NUMA Update

* NUMA-HA is a prototype for SEPHIR: Space Environment Prediction with High Resolution, a DARPA-funded project.
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Result 1: NUMA-HA and Mass Permeable BC*

14

Pressure-level hydrostatic models use an elastic BC  which allows “breathing”, so we want the mass 
permeable BC to mimic these hydrostatic BCs in a nonhydrostatic model.  In contrast, rigid BCs and/or 
sponges do not allow expansion/contraction. 

Design a mass permeable BC that allows the atmosphere to expand/contract (i.e. “breathe’) during heating/
cooling.  

∂ρ
∂t

+ ∇ ⋅ (ρ ⃗u ) = 0 M(z0, z1) = A∫
z1

z0

ρdz

∂M(zs, zt)
∂t

+ ∫Γ
⃗n ⋅ (ρ ⃗u ) dΓ = 0

∫Γ
⃗n ⋅ (ρ ⃗u ) dΓ = ∫Γbot

⃗n ⋅ (ρ ⃗u ) dΓ + ∫Γtop

⃗n ⋅ (ρ ⃗u ) dΓ + ∫Γlat

⃗n ⋅ (ρ ⃗u ) dΓ

M(zs, zt) = M(zs, ∞) − M(zt, ∞) =
A
g (ps − pt)

wt = −
1

ρtg ( ∂ps

∂t
−

∂pt

∂t ) −
1
ρt ∫

zt

zs

∇ ⋅ (ρ ⃗u H) dz

Assume hydrostatic columns

Let

Integrate mass

Mass becomes

wtop

* Courtesy of Jim Kelly (NRL-DC) and Sohail Reddy (NPS)

A
g ( ∂ps

∂t
−

∂pt

∂t ) + 0 + Aρtwt + A∫
zt

zs

∇ ⋅ (ρ ⃗u H) dz = 0
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Experiment setup: NUMA is run in 1D Column model,  
Vertical grid: 60 spectral elements with order p=4 w/ ztop = 150km 
Initially balanced isothermal atmosphere (T0=300 K) is heated to a thermosphere-like atmosphere above ~75km

wt = Tt(t)∫
zt

zs

1
T2(y, t)

∂T(y, t)
∂t

dy1D:

temperature density velocity mass loss with extrapolated rho bc

T(z, t) = a(t)T0 + (1 − a(t))Tref(z) a(t) =
1
2

(1 + cos(2παt))

First 12 hours: heating, so top BC is an outlet BC.  Only the vertical velocity is specified. 
Hours 12-24: cooling, so top BC is an inlet BC.  Temperature, density, and vertical velocity are all specified; 
density must be extrapolated from the interior. 
NUMA’s mass loss/gain is compared to the analytical mass loss.  Quadratic extrapolation provides the most 
accurate mass loss/gain.

Result 1: NUMA-HA and Mass Permeable BC

* Courtesy of Jim Kelly (NRL-DC) and Sohail Reddy (NPS)
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Result 2: NUMA-LES Taylor-Green Vortex*

16
Marras et al.  QJRMS 2015

t* = 4 t* = 8 t* = 20 t* = 60

* Courtesy of Yassine Tissaoui (NJIT)

Taylor-Green vortex in a triply 
periodic box. Simulations. 
N=4 and Np=128 points in 
each of the 3 directions. 
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Test Problem: Rising Thermal Bubble

Discretization: CG+No AMR & DG+No AMR

Positivity Preserving Limiter: KKT


KKT (Karush-Kuhn-Tucker) Formulation


The modified solution  should preserve:

1) Accuracy:  


2) Positivity: 


3) Conservation: 


The optimization problem solved

using semi-smooth Newton

method

q*
min | |q − q* | |2

q* ≥ 0

q̄ = q̄*

Unphysical 
minima NOT 
observed with No 
AMR

Result 3: Positivity-Preserving Schemes*

* Courtesy of Sohail Reddy, Felipe Alves, and Jeremy Kozdon (NPS)

Unphysical 
minima ARE 
observed with 
AMR
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CLIMA is a collection of atmospheric, ocean, ice, and land models for climate studies. 

NPS has developed CLIMA-atmos and works with MIT on CLIMA-ocean. Two groups at MIT involved: 
one works on the ocean model and the other works on Julia-related issues.  Caltech works on 
parameterizations, data assimilation, and oversees the project.  JPL works on the land model. 

CLIMA uses DG throughout and is written in Julia. It has been written in a platform portable way 
(using something we call KernelAbstractions.jl) which allows running on CPUs and GPUs. 

We began work in 2018 

CLIMA Results: 

CLIMA-atmos has been run in LES mode for DYCOMS-II (RF01) (Result 1). 

CLIMA-atmos has been run in global mode using the Baroclinic Instability and Held-Suarez test 
cases in dry mode (Result 2).  Moist versions of these tests are under way. 

Simulations run on Google Cloud platform (GCP) (Result 3). 

Performance on GPUs (Result 4).

CLIMA Update

19
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Result 1: CLIMA-LES DYCOMS-II (RF01)

Marras et al.  QJRMS 2015

ql ql qt (animated)

4 hr average statistics of theta, qt, cloud fraction and ql

* Courtesy of Yassine Tissaoui and Simone Marras (NJIT), Akshay Sridhar, Charlie Kawczynski, and Zhaoyi Shen (Caltech), and NPS 
numerics group.

Instantaneous volume rendering of  ql at t= 4 hours  
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Result 2: CLIMA-GCM Held Suarez

Marras et al.  QJRMS 2015

Lon-Lat View of Surface 
Temperature for 200 days 

1200 days at 
150kmx750m 
with P=4 

* Courtesy of Maciej Waruszewski and Thomas Gibson (NPS), Toby Bischoff, Lenka Novak, Zhaoyi Shen, and Jia He (Caltech), and NPS 
numerics group.
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Result 3: GCM-LES Google Cloud Runs  
(thanks to Google Cloud Platform for access)

Goal: Improve EDMF parameterizations for GCM by running targeted LES simulations 

GCM: HADGEM2A (AMIP archives) used as proxy.  115 data sites (x’s in plot).  

Prescribed surface fluxes, saturation adjustment for moist thermodynamics 

LES: 6 hour sim time in a 2km x 2km x 4km domain [7.2km x 7.2km x 4km for main dataset] 

75m x 75m x 20m equivalent DG resolution P=4 

60 simulations, each simulation uses 8 V100 Nvidia GPUs. 

Currently, no microphysics. 

Goal will be to do order of 100 to 1000 s with microphysics so expect to use O(20K) GPUs (few simulations for some sites) 

*Courtesy of Z. Shen A. Sridhar, C. Kawczynski, K. Pamnany S. Byrne, T.Schneider (Caltech), S. Marras and Y. Tissaoui  (NJIT), and NPS numerics group,
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Result 4: Roofline Model*

Goal: Check the performance of the model on a single Nvidia V100 GPU card using DP. 

Test Case: Baroclinic Instability on the Sphere.  We test all operators including the DG 
volume and face integrals as well as the first order (DG on LGL points with Rusanov flux) 
and second order operators (LDG) with 1D-IMEX (ARK2) method. 

Results: As we saw with NUMA on Titan (OLCF), face kernels are the least performant 
while the volume kernels are the most performant (Abdi et al IJHPCA 2017 and 2019).

*Courtesy of Maciek Waruszewski, Lucas Wilcox, Jeremy Kozdon, and Thomas Gibson (NPS); Valentin Churavy (MIT).

10�1 100 101

102

103

104

3jy
:"fb

edR3 :6GPSafb

�`Bi?K2iB+ BMi2MbBiv (6GPSaf")

S2
`7Q

`K
�M

+2
(:

6G
P

Sa
fb

)

"�`Q+HBMB+ r�p2 `QQ~BM2 L4e 6HQ�ie9 oRyy

pQHmK2 r · FE

pQHmK2 r�u
pQHmK2 �u
pQHmK2 ru
7�+2 r · FE

7�+2 r�u
7�+2 �u
7�+2 ru

pQHmK2 r · FI

7�+2 r · FI

Gl 7Q`r�`/
Gl #�+F

Memory Bandwidth Bound

Compute Bound



ECMWF Annual Seminar 2020

Talk Summary

Governing Equations 

Underlying Numerics 

Results with NUMA 

Results with CLIMA 

Summary

24



ECMWF Annual Seminar 2020

Summary
Contravariant Form 

Allows taking advantage of special directions in the problem (e.g., decomposing the horizontal and vertical 
domains in global simulations, and applying boundary conditions), and makes it easier to prove conservation 

NUMA 

NUMA-HA “breathing atmosphere” boundary condition works in 1D; 3D simulations are in progress 

NUMA-LES simulations show that 6th order may be the maximum order worth considering 

NUMA-LES with AMR shows that positivity-preserving schemes need special handling 

Derivation of Schur complement (SC) for DG allows us to pursue similar preconditioning strategies for both 
CG and DG. We are currently extending the SC idea to the HEVI time-integrators (reduced the 5Nx5N 
nonlinear equations to 3Nx3N) 

CLIMA 

CLIMA v0.1 was released in June 2020. This version was used in the Google Cloud LES simulations (DYCOMS-
II) and in the GCM simulations for the baroclinic instability and Held-Suarez test cases (dry) 

CLIMA-atmos has been run with moist physics and radiation for LES simulations. GCM simulations of this type 
are underway 

Three projects currently underway will allow us to complete the modeling infrastructure: (1) EDMF schemes, (2) 
nonlinear HEVI time-integrators, and (3) completion of the CLIMA-ocean global model (current model runs in 
flow-in-a-box mode only)

25



3.	Unified	CG/DG:	Storage	Stencils

Discontinuous	Storage	(CGd,DG) Continuous	Storage	(CGc)

• NUMA carries three numerical methods: CGc, CGd, and DG. 
• Discontinuous Storage  requires more memory but solution vectors are easily stored 

in contiguous memory (direct addressing). Great for vectorization and AMR. 
• Continuous Storage requires less memory but requires indirect memory addressing 

which may result in more cache misses.

Unified CG/DG methods
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