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Fundamentals:

« Advection constitutes a key element of hydrodynamic (HD) description of nature.

« Axioms and PDEs of HD description imply that advection cannot change sign(s)
of transported variables =» numerical L? integrability.

* These properties do not necessarily extend to discrete approximations.
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2nd order leapfrog: centered in time and space (CTS); 4t order “Lax-Wendroff”: forward in time (FT);

solution at t"*! & solutions t" & t"*1 solution at t"*! & solution t"
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Nonoscillatory forward in time (NFT)

e Godunov’s predicament (1959) = nonlinear schemes
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Figure 2: 1st-order upwind and 2nd-order MPDATA (a nonlinear Lax-Wendroft
scheme)
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Terminology & history (select papers; see introductions & references therein):

The Forward-in-Time Upstream Advection Scheme: Extension to Higher Orders

CRAIG J. TREMBACK, JAMES POWELL,* WILLIAM R. COTTON AND ROGER A, PIELKE MWR, 1987, 115, 540-551
Colorado State University, Department of Atmospheric Science, Fort Collins, CO 803523

Introduction to “Computational Design for Long-Term Numerical
Integration of the Equations of Fluid Motion: Two-Dimensional JCP, 1997, 135, 101-102
Incompressible Flow. Part | by DK Lilly

A Class of Conservative Fourth-Order Advection Schemes and Impact
of Enhanced Formal Accuracy on Extended-Range Forecasts

ZAVISA JANJIC

National Centers for Environmental Prediction, Camp Springs, Maryland
MWR, 2011, 139, 1556-1558

TIJANA JANJIC

Alfred Wegener Institute, Bremerhaven, Germany

RATKO VASIC

University Corporation for Atmospheric Research, Camp Springs, Maryland

MPDATA: Third-order accuracy for variable flows

Maciej Waruszewski®*, Christian Kiihnlein?, Hanna Pawlowska?, JCP, 2018, 359, 361-379
Piotr K. Smolarkiewicz P

3 Institute of Geophysics, Faculty of Physics, University of Warsaw, Warsaw, Poland
® European Centre for Medium-Range Weather Forecasts, Shinfield Park, Reading, RG2 9AX, United Kingdom
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Two reference frames

Eulerian

oG
ot

+ V- (vl) =GR

IFS-FVM

archetype problem, AP

Lagrangian

A
— =R
dt

IFS-ST
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® Generalised, 2" order accurate, forward-in-time (FT), nonoscillatory (NFT)
Integrators for the archetype problem = Eulerian/Lagrangian congruence

Eulerian f—f + V- (v¥) =GR -
Pl — A (" + 0.50tR™) + 0.50t R
d¥
Lagrangian (semi) Fre R
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Motivation for Lagrangian integrals

Ul = A (U™ 4 0.55tR™) + 0.50t R

dW
dt

U(x,t) = U(x,,t,) + [ Rdr
T

Ut = W, + 0.56t( R + R,) + 5tO(6t7)

Ut = (U 4 0.56tR), + 0.56t R + HOT
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Motivation for Eulerian integrals

Pt = A (U™ 4 0.56tR™) + 0.56tRM"!

o0G'¥
T + V. (v¥)=GR| forward-in-time temporal discretization:

Gl _ gngn
5t

+ V- (Vn+1f21l,-n.) _ (GR)n+1/'2

Second order Taylor expansion about t=nét & Cauchy-Kowalewski procedure =

oG ot ot (8(}’

_ ot
=iV, — GR-V.|ZG (v Cor (& 4y, (Zvr 512
2= 4V (V) = GR-V- |26 V(v V) + 267 (S 4V v)v‘lll + V- (vR) +06R)

Compensating 15t error term on the rhs is a responsibility of an FT advection scheme
(e.g. MPDATA). The 2" error term depends on the implementation of an FT scheme
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Semi-implicit formulations (solar MHD example)

o'l
’(;E +V - (V'0) =p'R
U = {u, e B}

R = {Ru: RG’: RB}T

Uy = A; (P, V*, p7) + 0.50tR} = W; + 0.55tRy

1

W = W, + 0.56t L[ + 0.56t N()[""" — 0.5t GV

1

P

O = [ — 0.56¢L] " (ii? _ 0.55{@’7@“#)

1

T =T +056NG[™!

=» thermodynamic/elliptic problems for “pressures” ®
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Unified framework, combined symbolic equations:
(Smolarkiewicz, Kihnlein & Wedi, JCP, 2014)
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Global baroclinic instability (Smolarkiewicz, Kihnlein & Wedi , JCP, 2014)
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CMP, 2880 dt=300 s,
wallclock time=2.0 mns

PSI, 2880 dt=300 s,
wallclock time=2.3 mns,

ANL, 2880 dt=300 s,
wallclock time=2.1 mns,
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log[enstrophy(f/enstrophy(0)]

ILES---a beneficial byproduct of NFT methods
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0.0; after Domaradzki et al. Phys. Fluids 2003.
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ILES vs. LES: convective PBL (Smolarkiewicz, Szmelter & Wyszogrodzki JCP 2013)
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Fig. 4. Vertical profile of dimensionless resolved heat fiux, and variances of temper-
ature as well as vertical veloecity in Runs T (solid), G (long dashes), and R (short
dashes), with dimensionless height z/2; on the ordinates; blue crosses denote LES
result of [25], and red circles represent field and laboratory data.

(R reference EULAG; G & T, EULAG-EB on R’s grid and an unstructured mesh)
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IFS-FVM

Tuesday 22 May 2018 00 UTC ECMWEF IFS-FVM l+84 VT: Friday 25 May 2018 12 UTC, Surface tc:tal prempnatlon (mm!day)
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Solar Dynamo
www.sciencemag.org SCIENCE VOL 340, 5 APRIL 2013

Radial velocity & zonal magnetic field Zonal magnetic field on
on the scale of O(10) weeks the scale of O(10) years
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z (km)

Digression on boundary conditions in elliptic solvers:
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Conclusions:

1. Since their origin in 1960s, elementary FT advection schemes evolved into powerful NFT
methods for modelling fluid flows across a wide range of scales and physical scenarios.

2. The resulting flow solvers can be available in compatible Eulerian and semi-Lagrangian variants.

3. The flux-form NFT flow solvers readily extend to unstructured-meshes and generalised forms of
the governing PDEs (Smolarkiewicz, Kiihnlein & Wedi , JCP, 2019).

4. Semi-implicit NFT methods enable simulation of all-scale soundproof and compressible PDEs
using essentially the same numerics, thus enabling consistent advancements of blended
theoretical formulations

Further reading:

P. Charbonneau, P.K. Smolarkiewicz, Modeling the Solar Dynamo, Science 340 (2013), 42,

P.K. Smolarkiewicz, C. Kuhnlein, N.P. Wedi, A consistent framework for discrete integrations of soundproof
and compressible PDEs of atmospheric dynamics, J. Comput. Phys. 263 (2014) 185-205

P.K. Smolarkiewicz, W. Deconinck, M. Hamrud, G. Mozdzynski, C. Kihnlein, J. Szmelter, N. Wedi, A finite-volume
module for simulating global all-scale atmospheric flows, J. Comput. Phys. 314 (2016) 287-304.

C. Kuhnlein, P.K. Smolarkiewicz, An unstructured-mesh finite-volume MPDATA for compressible atmospheric
dynamics, J. Comput. Phys. 334 (2017) 16-3.

P.K. Smolarkiewicz, C. Kuihnlein, N.P. Wedi, Semi-implicit integrations of perturbation equations for all-scale
atmospheric dynamics, J. Comput. Phys. 376 (2019) 145-159.

C. Kuhnlein, W. Deconinck, R. Klein, S. Malardel, Z. Piotrowski, P.K. Smolarkiewicz, J. Szmelter, N.P. Wedi,
FVM 1.0: a nonhydrostatic finite-volume dynamical core for the IFS, Geosci. Model Dev. (2019) 12, 651-676.
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