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Fundamentals:

• Advection constitutes a key element of hydrodynamic (HD) description of nature.

• Axioms and PDEs of HD description imply that advection cannot change sign(s) 

of transported variables   ➔ numerical L2 integrability. 

• These properties do not necessarily extend to discrete approximations.

2nd order leapfrog: centered in time and space (CTS);

solution at tn+1
 solutions tn & tn-1

4th order “Lax-Wendroff’”: forward in time (FT);

solution at tn+1
 solution tn

non-dissipative dissipative 

1D advection with constant velocity
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Nonoscillatory forward in time (NFT)
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Terminology & history   (select papers; see introductions & references therein): 

MWR, 1987, 115, 540-551

JCP, 2018, 359, 361-379

MWR, 2011, 139, 1556-1558

JCP, 1997, 135, 101-102
by DK Lilly



2020  Slide 5

Two reference frames

Eulerian ➔ Lagrangian

archetype problem, AP

IFS-FVM IFS-ST
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● Generalised, 2nd order accurate, forward-in-time (FT), nonoscillatory (NFT)        

integrators for the archetype problem ➔ Eulerian/Lagrangian congruence

Eulerian

Lagrangian (semi)
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Motivation for Lagrangian integrals
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Compensating 1st error term on the rhs is a responsibility of an FT advection scheme 

(e.g. MPDATA). The 2nd error term depends on the implementation of an FT scheme

forward-in-time temporal discretization:

Second order Taylor expansion about t=nδt  &  Cauchy-Kowalewski procedure ➔

Motivation for Eulerian integrals
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Semi-implicit formulations  (solar MHD example)

➔ thermodynamic/elliptic problems for “pressures” Φ
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Unified framework, combined symbolic equations:

gas law 

(Smolarkiewicz, Kühnlein & Wedi, JCP, 2014)
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Global baroclinic instability  (Smolarkiewicz, Kühnlein & Wedi , JCP, 2014) 

CMP,  2880 dt=300 s, 

wallclock time=2.0 mns

PSI,  2880 dt=300 s, 

wallclock time=2.3 mns,

ANL,  2880 dt=300 s, 

wallclock time=2.1 mns,

8 days, surface θ’, 

128x64x48 lon-lat grid, 

128 PE of Power7  IBM
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ILES---a beneficial byproduct of NFT methods
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(R reference  EULAG; G & T,  EULAG-EB on R’s grid and an unstructured mesh)

ILES vs. LES: convective PBL  (Smolarkiewicz, Szmelter & Wyszogrodzki JCP 2013)
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84h forecast, O1280 (9km) resolution

IFS-FVM
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www.sciencemag.org SCIENCE  VOL 340, 5 APRIL 2013

Radial velocity & zonal magnetic field

on the scale of  O(10) weeks  

Solar Dynamo

Zonal magnetic field on 

the scale of  O(10) years 
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Digression on boundary conditions in elliptic solvers:

LH CE
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Conclusions:

1. Since their origin in 1960s, elementary FT advection schemes evolved into powerful NFT 

methods for modelling fluid flows across a wide range of scales and  physical scenarios.

2. The resulting flow solvers can be available in compatible Eulerian and semi-Lagrangian variants.

3. The flux-form NFT flow solvers readily extend to unstructured-meshes and generalised forms of 

the governing PDEs (Smolarkiewicz, Kühnlein & Wedi , JCP, 2019).

4. Semi-implicit NFT methods enable simulation of all-scale soundproof and compressible PDEs 

using essentially the same numerics, thus enabling consistent advancements of blended  

theoretical formulations
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