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Conservative numerical solvers for CFD



wŜǉǳƛǊŜƳŜƴǘ ƻŦ ǘƘŜ ƴǳƳŜǊƛŎŀƭ ƳƻŘŜƭ

Conservation
(Local/global)

Accuracy
(High-order)

DǊƛŘ ǊƻōǳǎǘƴŜǎǎ
όaŜǎƘπŀŘŀǇǘƛǾƛǘȅύ

Scalability
(Many-cores)

ÅThe multi-moment finite volume method has the potential to 
satisfy the above requirements.

aaπC±Υ aǳƭǘƛπaƻƳŜƴǘ CƛƴƛǘŜ ±ƻƭǳƳŜ ƳŜǘƘƻŘ



Numerical Formulations

aaπC± 5ȅƴ/ƻǊŜƻƴ ŎǳōŜŘ ǎǇƘŜǊŜ
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bǳƳŜǊƛŎŀƭ CƻǊƳǳƭŀǘƛƻƴǎ



Multi -moment finite volume method 

Moments

tƻƛƴǘ ǾŀƭǳŜ όt±ύVolume integrated average (VIA)

aǳƭǘƛπƳƻƳŜƴǘ ƳŜǘƘƻŘ ǳǎŜǎ ǘǿƻ ƻǊ ƳƻǊŜ ƪƛƴŘǎ ƻŦ ƳƻƳŜƴǘǎ

! ƳǳƭǘƛπƳƻƳŜƴǘ C± ƳŜǘƘƻŘ ŘƛǎǘƛƴƎǳƛǎƘŜǎΣ 
ƳŜƳƻǊƛȊŜǎ ŀƴŘ ǳǇŘŀǘŜǎ ŀƭƭ ƻŦ ǘƘŜ ƳƻƳŜƴǘǎΦ

Moment

Volume integrated average(VIA)

5ŜǊƛǾŀǘƛǾŜ ǾŀƭǳŜ ό5±ύ

ά5ŜǊƛǾŀǘƛƻƴΥ CƻǊƳ Lέ(Ii & Xiao, JCP, 2009)

(VIA)ό±L!ύ



Multi -moment finite volume scheme
a/± ǎŎƘŜƳŜ ƛǎ ŀƴ ŜȄǘŜƴǎƛƻƴ ƻŦ ŦƛƴƛǘŜ ǾƻƭǳƳŜ ƳŜǘƘƻŘ ǿƛǘƘ ōŜǘǘŜǊŜŦŦƛŎƛŜƴŎȅ ŀƴŘ ŦƭŜȄƛōƛƭƛǘȅ

(1)

ά5ŜǊƛǾŀǘƛƻƴΥ CƻǊƳ LLέ

(Xiao et al., AMM, 2013)

Local reconstruction



Numerically conserved while the flux function is continuous at the cell boundary

bǳƳŜǊƛŎŀƭ ŎƻƴǎŜǊǾŀǘƛƻƴ



Multi -moment constrained collocation scheme
a/± ǎŎƘŜƳŜ ƛǎ ŀƴ ŜȄǘŜƴǎƛƻƴ ƻŦ ŦƛƴƛǘŜ ǾƻƭǳƳŜ ƳŜǘƘƻŘ ǿƛǘƘ ōŜǘǘŜǊŜŦŦƛŎƛŜƴŎȅ ŀƴŘ ŦƭŜȄƛōƛƭƛǘȅ

(1)

?

ά5ŜǊƛǾŀǘƛƻƴΥ CƻǊƳ LLέ

ό·ƛŀƻ Ŝǘ ŀƭΦΣ !aaΣ нлмоύ

multi - moment constrained 
flux reconstruction



Primary flux reconstruction

bƻǘŜΥ tǊƛƳŀǊȅ ŦǳƴŎǘƛƻƴ Ŏŀƴƴƻǘ ōŜ ŘƛǊŜŎǘƭȅ ǳǘƛƭƛȊŜŘ



The numerical flux of cell boundary by the primary function 

¢ƘŜ ǇǊŜǇŀǊŀǘƛƻƴ ŦƻǊ ŎƻƴǎǘǊǳŎǘƛƻƴ ƻŦ ǘƘŜ ƳƻŘƛŦƛŜŘ ŦƭǳȄ ŦǳƴŎǘƛƻƴ

The approximate Riemann solvers such as local LaxςFriedrich (LLF), Roe are used for simplicity 

Kolgan(70s); Ben-Artzi ,Li, FalcovitzόупΣ уфΣлсΣлтΦлфύΣ  ¢ƻǊƻ Ŝǘ ŀƭΦ ώ!59wϐόлнΣΧύ



¢ƘŜ IŜǊƛƳǘŜǘȅǇŜ ƳƻŘƛŦƛŜŘ ŦƭǳȄ ǊŜŎƻƴǎǘǊǳŎǘƛƻƴ

More imformationsare given such as 
Õ point value (PV) of solution point,  
Õ the derivative values (DV) of solution point, 
Õ the cell boundary flux and its derivative.

(Xiao et al., 2013, AMM)



[ŀǎǘ ǎǘŜǇΥ ŜǾƻƭǳǘƛƻƴ Ŝǉǳŀǘƛƻƴ ƻŦ ǎƻƭǳǘƛƻƴ Ǉƻƛƴǘ

Directly differentiate the modified reconstructed 
function at the solution point

όƴƻǿ ƪƴƻǿƴύ



Example: Multi -moment constrained finite
volume method (MCV3) 3rd

Equidistant solution points

bǳƳŜǊƛŎŀƭ ŎƻƴǎŜǊǾŀǘƛƻƴ

Impose Hermite
constrainson the
boundary

Evolution equations to update the nodal values
wŜŎƻƴǎǘǊǳŎǘƻƴƻŦ ǘƘŜ ƳƻŘƛŦƛŜŘ
ŦƭǳȄ ŦǳƴŎǘƛƻƴ ƻŦ ŘŜƎǊŜŜ о



Fourier analysis

²Ŝ ƘŀǾŜ ǘƘŜ ǾŜŎǘƻǊ ŦƻǊƳ

(Xiao et al., 2013, AMM)



The Eigenvalue & Spectrum of Space-discretization

5ƛǎŎƻƴǘƛƴǳƻǳǎ DŀƭŜǊƪƛƴ Spectral collocation MCV3 (equi-spaced points)

a/±о όDŀǳǎǎ Ǉƻƛƴǘǎύ
¸Real part of the eigenvaluesare negative (stable)

¸The MCV3 schemes have smaller spectral radius

and thus larger allowable CFL number for    

computational stability

{ǘŀōƭŜ ǊŜƎƛƻƴ ƻŦ 
оǊŘwǳƴƎŜπYǳǘǘŀ



Convergence test

3rd order

пǘƘƻǊŘŜǊ

5th order

¢ƘŜ ŀƭƭƻǿŀōƭŜ /C[ ƴǳƳōŜǊ ƛǎ ƭŀǊƎŜǊ ǘƘŀƴ 5DΩǎ



a/±о MCV4 a/±пπ/н5

MCV5 MCV5-2D24 a/±рπt±нп

Jiang and {ƘǳΩǎtest



Extension to multi-dimensions 

CƻǊ ŜȄŀƳǇƭŜΣ оǊŘƻǊŘŜǊ a/± ǎŎƘŜƳŜ

1D building block:

м5 ōǳƛƭŘƛƴƎ ōƭƻŎƪ Υ

A single cell



Extension to multi-dimensions 

CƻǊ ŜȄŀƳǇƭŜΣ оǊŘƻǊŘŜǊ a/± ǎŎƘŜƳŜ

The semi-discretized equations for the point-
value solutions within cell 

ἐ: flux andits derivativeat the endof‚-line segment

ἑȡŦƭǳȄŀƴŘƛǘǎŘŜǊƛǾŀǘƛǾŜŀǘǘƘŜŜƴŘƻŦ–πƭƛƴŜǎŜƎƳŜƴǘ



double Mach reflection 
at t = 0.2 

with 1440 x 480 cells

н5 9ǳƭŜǊ Ŝǉǳŀǘƛƻƴ

(Ii and Xiao, JCP, 2009)



The detailed shock
and vortex structures



{ƻƳŜ ǊŜƳŀǊƪǎ ƻŦ aaC± ǎŎƘŜƳŜ

ÅThe MCV schemes are high order, stable and nodal-form scheme.

ÅExact numerical conservation

ÅThe solution point location is not sensitive to the results,
the equidistant solution point more attractive

ÅA Fourier analysis show the large allowable CFL number in
comparison with the existing high order scheme like DG. 

ÅNo numerical quadrature is involved, so the source terms are
easily handled



MM-FV DynCoreon cubed sphere



Â{Ƙŀƭƭƻǿ ǿŀǘŜǊ ƳƻŘŜƭ ŀƴŘ н5 ƴƻƴƘȅŘǊƻǎǘŀǘƛŎ ƳƻŘŜƭ
ππōŜƴŎƘƳŀǊƪ ǊŜǎǳƭǘǎ



Shallow water model and 2D nonhydrostatic model

{Ƙŀƭƭƻǿ ǿŀǘŜǊ ŜǉǳŀǘƛƻƴNonhydrostatic equation
(Chen et al., 2014, JCP) ό[ƛ Ŝǘ ŀƭΦΣ нлмоΣ a²wύ



Some benchmark results 

ÂShallow water on sphere
VAdvection
VBalance flow
VMountain wave
VRossbywave
VBarotropicinstable flow 
VReal test case
VΧ  

ÂbƻƴπƘȅŘǊƻǎǘŀǘƛŎ ƳƻŘŜƭ
VwƛǎƛƴƎ ǘƘŜǊƳŀƭ ōǳōōƭŜ
V5Ŝƴǎƛǘȅ ŎǳǊǊŜƴǘ
VLƴǘŜǊƴŀƭ ƎǊŀǾƛǘȅ ǿŀǾŜǎ
VIȅŘǊƻǎǘŀǘƛŎ Ƴƻǳƴǘŀƛƴ ǿŀǾŜǎ
Vbƻƴ ƘȅŘǊƻǎǘŀǘƛŎ Ƴƻǳƴǘŀƛƴ ǿŀǾŜǎ
V{ŎƘŅǊƳƻǳƴǘŀƛƴ ǿŀǾŜǎ
VΧ

(Li et al., 2013, MWR; Chen et al., 2014, JCP)



{ŜƭŜŎǘŜŘ {²9 ǘŜǎǘ ŎŀǎŜǎ
(Chen et al., 2014, JCP)



SWE test case: Time dependent balanced zonal flow 
ό[ŅǳǘŜǊŜǘ ŀƭΦΣ W/tΣ нллрύ

Absolute errors ς> grid imprinting



SWE test case: Barotropicjet flow
όDŀƭŜǿǎƪȅŜǘ ŀƭΦΣ ¢ŜƭƭǳǎΣ нллпύ

Narrow balanced vorticity fields at day 5

¢ƘŜ ǘǊƛƎƎŜǊƛƴƎ ǇŜǊǘǳǊōŀǘƛƻƴ ƘŜƛƎƘǘ

Zonal velocity component 



Yin-Yang grid

/ǳōŜŘ ƎǊƛŘ

Icosahedralςhexagonal grid

( FV4+AUSM+-up, Ullrichet al., JCP, 2010; Cubed grid)

!ǘŘŀȅс



MCV4

²wCCOAMPS

Benchmark: hydrostatic mountain waves
ό[ƛ Ŝǘ ŀƭΦΣ !LaΣ нлмсύ

analytic



Comparison with FV model for hydrostatic mountain waves

лΦф

MCV45D

(Giraldo& Restelli, JCP, 2008)



Â The limiting projection of MMFV scheme 



IƛƎƘ ƻǊŘŜǊ ǎŎƘŜƳŜ όҔҐнύ ŀƭǿŀȅǎ ƎŜƴŜǊŀǘŜ ǘƘŜ ƴǳƳŜǊƛŎŀƭ ƻǎŎƛƭƭŀǘƛƻƴǎ

Notable upwind schemes with limiter such as FCT, MUSCL, MPDATA, ENO, TVD, PPM, 
TVB, WENO can achieve the non-oscillatory properties for sharp gradients such as 
cold fronts, dryline, cloud boundaries and inversions.

High order schemes such as SE, DG need them.

¢ǊƻǳōƭŜ /Ŝƭƭǎ

Negative values

hǾŜǊǎƘƻƻǘ ǾŀƭǳŜǎ



High-order transport model in the MM-FV DynCore

Options: 

üConservative Semi-Lagrangian with Rational function (CSLR)                              
(Xiao et al., JGR, 2002)

üPiecewise rational method (PRM) 
(Xiao and Peng, JCP, 2004) 

üMCV 3-point scheme with 4th order WENO
(Sun et al., CCP, 2015, Tang et al., QJRMS, 2018)

üMCV 3-point scheme with 4th order BGS
(Deng et al., JSC, 2017) 

üMCV 3-point scheme with FCTtechniques
(Li et al., QJRMS, 2020)

±ŜǊǘƛŎŀƭ

Horizontal



Non-oscillatoryMMFV-WENO  limiter

{ǘŜƴŎƛƭǎ ŦƻǊ ŘŜǘŜǊƳƛƴƛƴƎ 
ǎƭƻǇŜ ǇŀǊŀƳŜǘŜǊ ǳǎƛƴƎ ǘƘŜ 
²9bh ŎƻƴŎŜǇǘ ŦƻǊ ŎŜƭƭ 

Based on WENO concept, a slope limiter for a non-oscillatory scheme has the form 

ό{ǳƴ Ŝǘ ŀƭΦΣ //tΣ нлмрΣ ¢ŀƴƎ Ŝǘ ŀƭΦΣ vWwa{Σ нлмуύ

spatial reconstructed Q

MMFV-WENO aaC±π¢±5MMFV-4th



High order non-oscillatory BGS limiter

.ƻǳƴŘŀǊȅ DǊŀŘƛŜƴǘ {ǿƛǘŎƘƛƴƎ
ό.D{ύ

(Basic idea similar to ENO)

ό5ŜƴƎŜǘ ŀƭΦΣ WΦ {ŎƛΦ /ƻƳǇǳǘΦΣ нлмтύ


