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Conservative numerical solvers for CFD

Method

DOFs(Unknowns)

Features
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Simplicity, conservation,
low accuracy (2% O), not
easy for high order

a dzfiYU2AY S Y
C* a

“ -y _ L
y 3t = 7 | s, nav
¢i5(t) = &(Xi5,t)

A tradeoff balanced
between accuracy &

Spectralhp element
with flux concept,
DG, SE

Complexity

/| 2YLI OO &adasSy
| A3K | OOdzNJ O
| 2 YLX SEAG @

wiia .
o2 » o
y o4 >
o . G




Pal

wWSIjdZANBYSY U 2F GKS

Conservation Accuracy
(Local/global) , (Highorder)

Scalability 2 N DNAR NP
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A Themulti-moment finite volume methochas the potential to
satisfy the above requirements.
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Multl-moment finite volume method
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Multl -moment finite volume scheme
al + a0KSYS Aa |y SEGSyairzy SBSTFTIPDYLEIOede &k

nsider th nservation | S 31 (]
Consider the conservation law 45 SNRGF GA2Y

oq  0Of (q) (1)
8t 837 (Xiao et al., AMM, 2013)
Define the solution points at .

di1 q;2 ik qiK =

b oo—o—o0o0d f i (37 )
Ti—1/2 0. Lit1/2 T

1
x € () = [337;—1/27372'—}—1/2]

The point-wise semi-discretised equations at solution points z;; read

dq_m:_{M} :_(d_ﬁ) [M] =19 K.
da:, Zk: Z Zk? 9 = bi

Local reconstruction

dt dx dé

Local coordiate £ <= z global coordinate
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Integrate the equation (1) over the interval [z;_1 /2, Z;41/2]
(2
4 .
LTi—1/2 Lit1/2
r €8 = [Ti_1/2,Tig1/2]
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Numerically conserved while the flux function is continuous at the cell boundary
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Multl -moment constrained collocation scheme
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nsider the conservation | A L
Consider the conservation law 6 SNR O GALYY

0 q 0 f (q ) 1 multi - moment constrained
E - — P ( ) flux reconstruction
X 6- A2 Sinnatobs ! ¢
Define the solution points at ;.
di1 gi2 dik 9iK
Lo o oo d
A O O/ o/ ~ ~
Ti_1/2 Lit1/2
/ (),

€8 =T 1/2,Tit1/2]
The point-wise semi-discretised equations at solution points z;; read

dgse _ _ |dfi(®)] _ e\ [dfi(®) _
doe _ _ [WLk = _ (%)Z [d—g]%_k,k =1,2,..., K.

Local coordiate £ <= z global coordinate

fi(z)




Primary flux-reconstruction

di1 QZ(CC)O qiK fz'1 fz( ) fik
O @iz qik. O O O fio fik ® O
o_g—* © o
— 6909090000 — oo 9o o 0o
Li—1/2 Li+1/2 XTi—1/2 Lit1/2

Given the variable ¢;. at the solution point z;;

The cell-wise Lagrange interpolation of polynomial of
degree K — 1 for ¢;(x)

— Z ik Pik (x) The Lagrange base function ¢;x(x) reads
S L — Tk
and for the flux function f;(x) Cbzk( ) J 1,j#k
Lij — Lik
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The numerical flux of cell boundary by the primary functic
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fZ 1 = Riemann(
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The approximate Riemann solvers suctoaal LagFriedrich(LLF), Roe are used for simplic
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(Xiao et al., 2013, AMM) RETTEITEITETPTY C eaaaaasalERRRRLEE
= B Bls] r : B B[S]1 :
inlosd  fi(x) 8..35:.’.fﬁz.f.a..

fil@;3 O f%’f’m[j]kr S fi(z, 1)

Ti—1/2 Lit1/2

More imformationsare given such as

O point value (PV) of solution point,

O the derivative values (DV) of solution point,
O the cell boundary flux and its derivative.

The modified flux function

ﬁ(x) — Reconstruction(ff_é, fji[f}é,f@-k, fj[i.L, ...
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dq;
dt

-~

fi(z) = Reconstruction(ff%, f;i[j];’ fik f,[i]k,

)

Directly differentiate the modified reconstructed
function at the solution point

di1 42 ik qiK
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Example:Multi-moment constrained finite
volume method (MCV3) 3rd

[ fi(=1) = fB(~1) Equidistant solution points :
] q; , g ImposeHermite
J H =R f\l 412 f_ Y constrainson the
iy =B-n| —2 © boundary
R 612_1962:07&-3:1
S =78

Evolution equations to update the nodal values
WSOZYa&MWOKSYEQRATASR

Tt dE FdzyOlor 2y ik —R%?@@S—t&mjr—IQS

if?-(g)i fézl—fgz( 1),
‘ feir = 3P () = 3P (=1) = FE(=1) = f5(1)),
f§13 - ffz( )
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fei(©)dg =>" (wkfgfik) = %f&il + %fgm + %ffi?; = fP() = f7(=1)



Fourier analysSiisoetat. 2013, aun)

Consider the linear advection equation % + % = 0,
the reconstructed flux function can be expressed in terms of the values
at solution points within [z;_s,z;_1] and [z;_1,2;,1]

———————————— - Use a wave solution g(z,t) = e/“(@=1)

T :
(Silk \ (qil | dik = el a2 and ¢; 1 = e!¥qy
[ Ci—11k \T ( qi—11 \

. h
Folzw) = | 728 | x| 42| i
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dgia 1 :
=1—fo(@i2), | dq;
...... : : dt
dqix d_ Aa:(ajiK)E where S is the amplification matrix.




The Eigenvalue & Spectrum of Spalcscretiation

Im
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Semidiscrete Spectra
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' - | @6 DI dz&a & LIy |
. Real part of theeigenvaluesare negative (stable) alao za a y

. The MCV3 schemes have smaller spectral radius
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Table 3
Normalized errors and convergence rates of the MCV type schemes.

Convergence test

Mesh 4 £1-Order £ £,-Order £y £..-Order

LMoV §

| 3d order 10 1.29 x 102 - 1.43 x 102 - 2.03x 1077 -

| =— 20 1.69x 1073 2.93 1.87 x 103 2.93 269 x10°° 292 |

| 40 2.14x 10" 2.98 237x10" 2.98 337x10* 3.00 |

| 80 268 x 10> 3.00 298 %107 2.99 422x107° 3.00 |

| MCv4 |

; 10 206 x107* - 226 x10°* - 324 x10* - |

| . ~ 20 1.31x107° 3.98 1.46 x 10> 3.95 2.09x 107 39 |

i |'|UF<2—N~R S NJ 8.32x 1077 3.98 9.25x 1077 3.98 131x10°° 4.00 |

| 80 5.24x 1078 3.99 582 x 1078 3.99 8.25 x 1078 3.99 |

| Mcv4_c2D |

Table 4 « z = «

Largest allowable CFL numbers. ¢ K S | f f 2 g | O f S / C [ y dZY |
Schemes MCV3 MCV4 MCV4_C2D MCV5 MCV5_2D24 MCV5_PV24
CFL (max) 0.425 0.275 0.485 0.21 0.235 0.165

| 10 521x107° - 572x107° - 8.18 x 10> -

; 20 167 x10°° 4.96 1.85x10° 4.95 2.65x10°° 495

; 40 5.28x10°° 4.98 5.86 x 107 4.98 831x10°° 500

i 80 1.65 x 10°° .00 1.84 x 1079 4.99 2.61x10°° 499 |

| MCV5_2D24 5

i 10 458 x 107 - 5.02x 107 - 720x 10> - i

i Gth order 20 1.46 x 10°® 497 162 x10°® 4.95 232x10°° 496 |

| 40 463x10°8 4.99 513 x 108 4.98 729x10°8 499 |

| 80 1.46 x 107° 4.99 1.62x107°° 4.98 229 x107° 499 |

| MCV5_PV24 |

| 10 3.48 x 10°° - 3.85x10°° - 548 x 10°° - §

| 20 1.07 x 10”7 .02 1.18 x 1077 5.03 1.70x 1077 501 |

| 40 3.33x10°° 5.01 3.70 x 10°° 5.00 5.25x 1077 502 |

| 80 1.06 x 101 4.97 117 x10°1° 4.98 1.66 x 10°1° 498 |

___________________________________________________________________________________________________________________________________________________________________________________
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Extension to multtddimensions

C2NJ SEOMBYNREN) a/ + a0KSYS
A sinfyle cell I.J
ij=1

Cij = [xic1/2, Xi+121 ® [y j-1/2, yj+1,2]

AXi = Xix172 — Xi—1)2 Ayj = Yjs12 = Vj-1)2

n
L &1 = x;’_%a & = (x,'_% + xi+%)/2, &3 = x,'.,.%;
m=Yjits M= +y; /2, 13 =y

Xik12 Xl+112

1D building block: the Ith line segment & & xn;, 1= 1,2,3

Mo 0 dzA f RA yha ktholine2s€ineny & Xminz, k=1,2,3




Extension to multtdimensions

C2NJ SEOMYNREN]) a/ + aOKSYS

Yicin @ O .
0 0 0
_q + _f + _g = O
ot Ox Oy
® ® ® The sereri.scretiz.ed. equations for the point
value solutions within ce C;;
n G
, do Z M()HZMUQ
'VJA—IJQ. i . O :dt q,d a =1 ﬁ,
Xi_1n Xjprp T
g) 03 —11 (1) \ ¢:fluxandits derivativeat the end of —?Ijne segment
(x) _ — 1 2 ¢ A £
M = 2Ax; 2Ax; R 4 F= (fi—%[ﬂ i+%1 M——I xi+%1’)
0 0 0O -1
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7/double Mach reflection

os | att=0.2
with 1440 x 480 cells
0 (li and Xiao, JCP, 2009)
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A The MCV schemes are high order, stable and nfmtai scheme.

A Exact numerical conservation

A The solution point location is not sensitive to the results,
the equidistant solution point more attractive

A A Fourier analysis show the large allowable CFL number in
comparison with the existing high order scheme like DG.

A No numerical quadrature is involved, so the source terms are
easily handled



‘ MM-FVDynCoreon cubed sphere
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Shallow water model and 2D nonhydrostatic model
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(Chen et al., 2014, JCP)

i dzI GNoghydrostatic equation
O[ A il d d 2dE0

O(NTh) ((NThity S(NThv)) oq  of  og_
p +( % T o ]_0, ot Tax Tac s(q)
_ / 1T
Ov a(q) + K) \(_ f= (\/Epua \/EPHZ"‘ \/Epfa \/Epwu,\/apﬂu)rll
= — VT ,
* Bt o) 2 = (v v/ Cpwi + GGp.

®=gh+h) K=3v-v
i 2 s(q) = (0,0, —VGp'g,0)"

=Kk (VXv) d¢ )

dr /G

G = 0z/0( Jacobian of the transformation

(w+ VGGPu)

) ) ) W =
\/f 1s the Jacobian of the transformation

(u,v) and (&, V)
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G'? =9¢/ox is the contravariant metric



Some benchmark results

(Li et al., 2013, MWR; Chen et al., 2014, JCP)

A Shallow water on spherd\b 218 RNR & G I G A

V Advection

V Balance flow

V Mountain wave

V Rossbyvave

V Barotropicinstable flow
V Real test case
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(a) Yin-Yang grid (b) Cubed sphere grid (c) Icosahedral-hexagonal grid
Table 1
The total numbers of the unknown DOFs in the third-order MCV models for different spherical grids.
Spherical grid Yin-Yang Cubed-sphere Icosahedral-hexagonal
Total DOFs 24N? + 16N +2 24N? +2 30N? +2
Table 2
Minimum and maximum area ratio of different grids.
Yin-Yang grid Cubed-sphere grid Icosahedral grid Icosahedral grid
with pentagonal cells without pentagonal cells
0.7628 (N =10) 0.7666 (N = 10) 0.6263(N =9) 0.8654 (N =9)
0.7349 (N = 20) 0.7359 (N =20) 0.6216 (N =18) 0.8558 (N =18)
0.7210 (N = 40) 0.7213 (N =40) 0.6197 (N = 36) 0.8524 (N = 36)
0.7140 (N = 80) 0.7142 (N =80) 0.6191 (N =72) 0.8513 (N =72)




SWE test case: Time dependent balanced zonal flow
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(c) The absolute error on cubed-sphere grid (N = 20). (d) The absolute error on icosahedral grid (N = 18).

Absolute errors;> grid imprinting



SWE test casdarotropicjet flow
DI t S&a | S8z n

Narrow balancedorticity fields at day 5
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YinYang grid
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Benchmark: hydrostatic mountain waves
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Comparison with FV model for hydrostatic mountain wave
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A The limiting projection of MMFV scheme
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Notable upwind schemes with limiter such as MOJSCLMPDATAENO, TVD, PPN
TVB, WENO can achieve timn-oscillatory properties for sharp gradients such as
cold fronts, dryline, cloud boundaries and inversions.

High order schemes such & DGneed them.
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High-order transport model in the MMFVDynCore

a(pok)
Ot
Options:

(i Conservative Sentiagrangian wittRational function(CS Lf

L 1X|ao et al., JGR, 2002)
'+ SNI A OL f
| i Piecewise rational methoddRM

(Xiao and Peng, JCP, 2004)

+ V- (phv) =0 ¢ are transport fields

i MCV 3point scheme with # order WENO
, (Sun et al., CCP, 2015, Tang et al.,, QJRMS, 2018)
Horizontalyj MCV 3point scheme with # order BGS
’ (Deng et al., JSC, 2017)

i MCV 3point scheme witH-C techniques
(Li et al., QIRMS, 2020)




Non-oscillatoryMMFV-WENO limiter
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Based on WENO concept, a slope limiter for a fascillatory scheme has the form

A0 = o1d" + 0rd? + w3d)”




High order nonoscillatory BGS limiter
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(Basic idea similar to ENO)



