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The context of an Observed Dynamical System

Data Assimilation (DA) assumes an Observed Dynamical System (ODS) is given. It is described by the following equations,

forall t > 0,

xt =M (xt−1) + ηt,

yt = H (xt) + εt,

where

xt, yt are the state, observation random variables with values in X = Rn, Y = Rd respectively,

M, H are the propagation, observation operators respectively,

ηt, εt are the propagation, observation random errors respectively,

x0 ∼ N
(
µb0,Σb

0

)
,ηt ∼ N (0n,Q) , εt ∼ N (0d ,R) are mutually independent.

Sequential data assimilation algorithms

Sequential DA algorithms recursively estimate the state from past observations realizations. They enjoy a functional representation:

In Bayesian Data Assimilation (BDA), the analysis and the propagation are transformations
between the set PX of pdfs over X,

aBDA = (q, y) 7→ x 7→ pyt|xt
(y |x) q (x)

r
pyt|xt

(y |z) q (z) dz
,

∈ PX × Y→ PX,

bBDA = q 7→ x 7→
w

pxt|xt−1
(x |z) q (z) dz ,

∈ PX→ PX.

They are time invariant functions because the ODS is autonomous.

In the Kalman filter (KF), the operators are assumed linear so the corresponding transformations
preserve Gaussian pdfs. Therefore they have an internal pdf representation in term of mean µ
and covariance Σ,

cKF = (µ,Σ) 7→ N (µ,Σ) ,

∈ SX→ PX.

The anlaysis and propagation transformations are functions aKF ∈ SX × Y→ SX and
bKF ∈ SX→ SX such that the KF/BDA paths commutes.

In the Ensemble Kalman Filter (EnKF), statistics (µ,Σ) ∈ SX are estimated from an ensemble
X ∈ Xm = Rn×m by some function u ∈ Xm → SX. Ensembles become an internal pdf
representation,

cEnKF = cKF ◦ u,

∈ Xm → PX.

The analysis and propagation transformations are functions aEnKF ∈ Xm × Y→ Xm and
bEnKF ∈ Xm → Xm such that the EnKF/BDA paths commutes (in the linear case, up to
sampling errors).
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What a Data Assimilation Network (DAN) is

Generalizing the Elman network, a Data Assimilation Network (DAN) is a triple

a ∈ H× Y→ H (analyzer),

b ∈ H→ H (propagater),

c ∈ H→ PX (procoder),

where the given memory set H is PX in the BDA, SX in the KF and Xm in the EnKF.

A good DAN outputs prior and posterior pdf trajectories q =
(

qb
t , qa

t

)
t∈0:T

close to the Bayesian

ones p =
(

pxt|y0:t−1
, pxt|y0:t

)
t∈0:T

. This can be quantified by their cross entropy

L (q) =
I∑

i=0

T∑
t∈0

− ln qb
t (xi ,t|yi ,0:t−1)− ln qa

t (xi ,t|yi ,0:t) ,

where (xi ,t, yi ,t)i∈0:I ,t∈0:T samples the ODS. We proved L has p as unique minimizer.
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Numerical experiments

A standard twin experiment over
2× 104 cycles with
M = Lorenz95, H = id, 20 layers
fully connected neural networks,
ReZero, Adam optimizer with
truncated back propagation,
H = R40×20 and batch-size 1024
on a Nvidia GTX 1080 is repeated
25 times from random batch truth
and zero memory. It considerably
outperforms state of the art weak
constrained ensemble variational
Kalman filters [Sakov2018].

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
t 1e5

0.38

0.40

0.42

0.44

0.46

0.48

0.50

0.52

rmse

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
t 1e5

10

15

20

25

30

35

40

45

50

-logpdf

train prior
test prior

train posterior
test posterior

train posterior+prior
test posterior+prior

IEnKF-Q posterior rmse

Boudier, Fillion, Gratton Gurol ANITI

DAN


