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Implementing a parallel version of a variational scheme in a global 
assimilation system at eddy-resolving resolution
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The representation of mesoscale variability at global scale, represents a long-standing problem in the ocean forecast and
reanalysis community. Besides the improvements of ocean general circulation models, a day-by-day realistic representation of
such variability is triggered by the capability of assimilation systems to correct the ocean states at the same scale. This work
extends a 3dvar system designed for oceanic applications (Storto et al 2011), to cope with global eddy-resolving grid and dense
observational datasets in a hybrid-parallelized environment (Cipollone et al., 2020). The scheme is included in the global eddy-
resolving ocean forecasting system at the resolution of 1/16 that is in place at CMCC.

Assimilation of mesososcale variability

The role of resolution at assimilation level

Figure 1: Schematic representation of the hybrid
domain decomposition in OceanVar: Panel a)
shows the horizontal domain decomposition with
overlapping boundaries (gray color) where
communications are driven by MPI. The
corresponding cost function decomposition is seen
in Panel b). Panel c) represents the vertical
decomposition applied in the Control Vector
Transformation (Dobricic & Pinardi, 2008)
controlled by shared-memory OpenMP directives.

OceanVar assimilation scheme

2) WEAK-CONSTRAINT METHOD FOR ARTIFICIAL BOUNDARIES196

The key idea is to convert the strong continuity requirement across boundaries in a variational197

sense, by defining a maximum-allowed error between solutions. This error is prescribed to be198

small enough to not compromise significantly the analysis field continuity.199

When a strong continuity constraint is imposed at the boundaries of each subdomain, the total200

cost function J [v] can be seen as the sum of several cost functions, J [vi], whose structure is201

similar to Eq. (1) although covering different spatial subdomains i. The total J [v] can be therefore202

expressed as:203

J [v] = J [v1]
���v1[\1 j]=v j[\ j1]
_ j| j2Neigh. of 1

+ J [v2]
��� v2[\2i]=vi[\2i]
_i|i2Neigh. of 2

+ . . . +J [vn]
���
...

(2)

where the different contributions from separate subdomains sum up while vi corresponds to the204

part of the control vector associated to the subdomain i. \1 j =\ j1 is the overlapping area between205

subdomains 1 and j, while v1[\1 j] refers to the part of control vector of subdomain 1 that corre-206

sponds to the overlapping area with subdomain j. The final solution is achieved by minimising207

Eq. (2) together with the condition:208

v1[\1 j]�vj [\ j1] = 0

that represents the strong continuity constraint for the two subdomain 1 and j on the overlapping209

area. Eq. (2) is the strategy implicitly adopted by different exact methods for OceanVar (Farina210

et al. 2015; Teruzzi et al. 2019; Mirouze and Storto 2016), in NEMOVAR (Weaver et al. 2003;211

Mogensen and M. Alonso Balmaseda 2012) or in atmospheric WRF data assimilation system212

(Huang et al. 2009) where MPI calls are used to transpose each RF direction call. This requires213

several pairs of data transfers between subdomains that lead to exact transparent boundaries at the214

cost of deteriorating its scalability. Moreover the in-land grid extension in OceanVar makes the215

use of transposition unfeasible. By interpreting Eq. (2) in variational sense, the strong constraint216
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Strong constraint 
(exact solution):

Weak constraint 
(approximate solution):

is converted into its weak formulation that introduces the possibility of a (small) error in the217

continuity constraint,218

v1[\1 j]�vj [\ j1] = e1 j.

Physically this means the final analysis can tolerate a discontinuity e1 j between the two solutions219

when e1 j is much smaller than the background error, that is much smaller the background error220

variance in the overlapping region. Assuming e1 j uncorrelated in time and following a Gaussian221

distribution with covariance matrix Q1 j, Eq. (2) can be approximated by the sum of different cost222

functions J1, . . . ,Jn :223

J [v]' J1[v1]+J2[v2] . . .+Jn[vn]

the functions Ji now slightly differ due to the presence of a boundary term :224

J1[v1] = J [v1]+Jbd[v1] = J [v1]+
1
2 Â

j2Neigh.of 1
(v1[\1 j]�vj [\ j1])Q

�1
1 j
(v1[\1 j]�vj [\ j1]) (3)

where the first term in the rhs J [v1] is exactly Eq.(1) applied to v1, while the second addend is the225

boundary term that is different from zero only in the overlapping areas. A schematic representation226

of the total cost function decomposed in subdomains is shown in Fig. (1). The new Jbd term227

promotes neighbouring solutions that are identical to the extent of the analysis precision, over the228

overlapping areas, by penalizing solutions that differ in the cost function. The gradient of J1 with229

respect to v1 reads:230

—J1[v1] = V
T
H

T
R

�1(HV v1 �d)+v1 + Â
j2Neig.of 1

Q
�1
1 j
(v1[\1 j]�vj [\ j1]) (4)

the first two terms of rhs represent the gradient of the standard formulation of 3dvar, the third231

term is calculated as the first derivative of Jbd by v1, that is needed for the limited-memory quasi-232

Newton L-BFGS minimizer (Byrd et al. 1995). The Qi j matrix in Eqs. (3-4) corresponds to the233

covariance matrix of continuity errors among solutions of different subdomains. Its structure can234
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Minimized by a new term in 
the cost function

Standard 
formulation

Results from the new parallelized scheme

Accuracy: The new boundary term generates a ”crossing flow” throughout the boundaries of horizontal subdomains that reduces the
discontinuity in the overlapping area. The magnitude of such flow mainly depends on the ratio between the discontinuity and error
covariance matrix (Q). By imposing that such error is well below a physical threshold (i.e. background error), the Q becomes of
diagonal form in the control space :

Where q can be tuned in order to promote/penalize such flow: reducing q, the solution is driven toward the exact one (Fig.2-3)

Errors        must be lower than model error to not allow “physical increments”✏1j

The lower bound depends on technical details :
finite accuracy of the minimizer, fraction of the halo volume w.r.t to the domain volume, etc.

	 The matrix Q that can be shaped studying the upper and lower bounds: 

Are we increasing the accuracy?

Qij = qIij q < 1

Exact solution No boundary q=1 q=0.4

Figure 2: The exact incremental solution in one specific
region (left panel) is compared w.r.t. the solution from a 6
subdomains and different values of q (difference from the the
exact solution is shown).

Figure 3: Percentual gain (w.r.t. the exact solution) for
different decomposition and boundary widths (in
number of points).

Figure 4: Execution time for one iteration and different hybrid domain decompositions (global
configuration). The blue bars refer to overall communication time (MPI + unbalance), the grey
bar shows the computing time for calculation of J and CVT transformation. Shaded narrow bars
correspond to an estimate of the MPI I/O time only

Scalability: The new boundary term allows to move
the MPI communication outside the CVT
transformation and in the calculation of cost function.
This drastically reduces the number of total MPI calls.
The reduction of execution time for one iteration in
the global configuration is shown Fig. 4, the
computational cost of MPI-IO processes and the
speed-up of the second layer of parallelization
(OpenMP directives) is shown

The present availability of dense satellite datasets suggests that the use of coarse grid
at assimilation level can be a suboptimal choice for eddy-resolving forecasting
systems. To quantify the impact of high-res grid at assimilation level, a twin
experiment is performed that considers two independent cycles of model integration
and assimilation for one month. The model configuration is identical with 1/16 deg
resolution globally and 98 vertical levels (Iovino et al. 2016) while at the assimilation
step, the first experiment exploits a coarser grid (¼ deg and 50 vertical level) while the
second uses the same grid of the model. Same observational dataset is used: CMEMS
NRT INSITU and NRT along-track L3 SLA data dataset, L3 Advanced Very High-
Resolution Radiometer (AVHRR) and L3 Advanced Microwave Scanning Radiometer
2 (AMSR2).

OceanVar is an assimilation scheme that belongs to the family of three-dimensional variational (3DVAR) analysis systems
specifically designed to deal with coastlines and bathymetry for oceanography applications (Dobricic & Pinardi, 2008; Storto et
al 2011). At regional level, the system is used in Mediterranean and Black Sea operational forecasting systems available from the
CMEMS catalogue (Clementi et al 2017). At global level, OceanVar has been employed in several global Reanalysis products (C-
GLORS series: Storto 2016,2019). The scheme has been parallelized to address high-res grid, the scalability is favoured by the
implementation of a weak-constrained formulation of the continuity requirement across artificial boundaries (Fig. 1). Such
formulation limits possible boundary discontinuities to be less than a prescribed value ( )

to latency. Farina et al. (2015) employ a third-order recursive filter
to limit the number of RF iterations at the cost of doubling the
memory needed by theRF. In the present work, a twofold strategy
is adopted for handling boundaries and preserving the scalability.
Physical boundaries are addressed via in-land grid extension al-
gorithm that requires little computational cost by increasing the
memory load (Dobricic and Pinardi 2008; Storto et al. 2011). Here,
the artificial-boundary treatment expands the ideaofTrémolet and
LeDimet (1996) andD’Amore et al. (2013, 2014) with a new term
in the cost function. From a technical point of view, MPI com-
munications among domains are now outside the recursive filter,
whose number of iterations can be therefore increased without a
drastic impact on scalability. Communications are now called once
per minimization iteration, only in the calculation of the cost
function and its gradient. The rationale of such choice is discussed
in the next section.

2) WEAK-CONSTRAINT METHOD FOR ARTIFICIAL

BOUNDARIES

The key idea is to convert the strong continuity requirement
across boundaries in a variational sense, by defining the
maximum-allowed error between solutions—i.e., the ‘‘conti-
nuity error.’’ This error is prescribed to be small enough not to
compromise significantly the analysis field continuity.

When a strong continuity constraint is imposed at the
boundaries of each subdomain, the total cost function J(v)
can be seen as the sum of several cost functions J(vi) whose
structure is similar to Eq. (1) although covering different
spatial subdomains i. The total J(v) can be therefore ex-
pressed as

J(v)5 J(v1)j
v1(\1j)5vj(\j1)

_jjj2Neighbor of 1

1 J(v2)j
v2(\2i)5vi(\2i)

_iji2Neighbor of 2

1 ! ! ! 1 J(v
n
)j... ,

(2)

AU2 where the different contributions from separate subdomains
sum up into the total cost function, while vi corresponds to the
part of the control vector associated to the subdomain I; \1j 5
\j1 is the overlapping area between subdomains 1 and j, while
v1(\1j) refers to the part of control vector of subdomain 1 that
corresponds to the overlapping area with subdomain j. The
final solution is achieved by minimizing Eq. (2) together with
the condition

v1(\1j)2 v
j
(\

j1)5 0,

which represents the strong continuity constraint for the two
subdomain 1 and j on the overlapping area. Equation (2) is the
strategy implicitly adopted by different exact methods for
OceanVar (Farina et al. 2015; Teruzzi et al. 2019; Mirouze and
Storto 2016), in NEMOVAR (Weaver et al. 2003; Mogensen
and Alonso Balmaseda 2012) or in atmospheric WRF data
assimilation system (Huang et al. 2009) where MPI calls are
used to transpose the state vector between RF calls over dif-
ferent directions. This requires several pairs of data transfers
between subdomains that lead to exact transparent boundaries
at the cost of deteriorating its scalability. Moreover, the in-land

grid extension in OceanVar makes the use of transposition
unfeasible. By reformulating Eq. (2) in a Bayesian sense, the
strong constraint is converted into its weak formulation by
introducing a (small) error in the continuity constraint,

v1(\1j)2 v
j
(\

j1)5 «1j .

In physical terms, this means the final analysis can tolerate a
discontinuity «1j between the two solutions when «1j is much
smaller than the background error variance in the over-
lapping region. Assuming «1j uncorrelated in time and
following a Gaussian distribution with covariance matrixQ1j,
Eq. (2) can be approximated by the sum of different cost
functions J1, . . . , Jn:

J(v) ’ J1(v1)1 J2(v12)1 ! ! !1J
n
(v

n
) ;

the functions Ji now slightly differ from each other because of
the presence of a boundary term:

J1(v1)5 J(v1)1 Jbd(v1)5 J(v1)

1
1

2
!

j2Neighbor of 1
[v1(\1j)2 v

j
(\

j1)]Q
21
1j [v1(\1j)2 v

j
(\

j1)] .

(3)

The first term in the rhs J(v1) is exactly Eq. (1) applied to v1,
and the second addend is the boundary term that is different
from zero only in the overlapping areas. A schematic repre-
sentation of the total cost function decomposed in subdomains
is shown in Fig. 1. The new Jbd term promotes neighboring
solutions that are identical to the extent of the analysis preci-
sion, over the overlapping areas, by penalizing solutions that
differ in the cost function. The gradient of J1 with respect to v1
reads as

=J1(v1)5VTHTR21(HVv1 2 d)

1 v1 1 !
j2Neighbor of 1

Q21
1j [v1(\1j)2 v

j
(\

j1)] ; (4)

the first two terms of rhs represent the gradient of the standard
formulation of 3DVAR, the third term is calculated as the first
derivative of Jbd by v1, which is needed for the limited-memory
quasi-Newton L-BFGS minimizer (Byrd et al. 1995). The Qij

matrix in Eqs. (3) and (4) corresponds to the covariance matrix
of continuity errors among solutions of different subdomains.
Its structure can be outlined studying the upper and lower
bounds of «ij. A natural upper-bound corresponds to the CVT
transformation applied to the background error covariance
matrix. The new boundary term should not allow discontinu-
ities that can be considered physical, i.e., discontinuities
greater that the background error. In control space, it means
that Qij has a diagonal form by construction, and Qij 5q2

ijI with
qij # 1. Ideally, using a perfect minimizer in the continuum, no
lower bound is needed; practically the presence of the grid and
the finite accuracy of the minimizer, defines a lower bound for
q. In the following we adopt values of qij5 q ranging between 1
and 0.1 (i.e., 10% of the background error) that are spatially
constant for simplicity. A further requirement implied by
Eq. (3) is that the overlapping area needs to include all the
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Figure 5: Typical SST increments at surface for 
the two experiments 
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Experiment 2 (assimilation in high-res grid)
performs significantly better in the case of satellite
data (altimetry and sea surface temperature from
infrared sensors) with an improvement up to 15%
in the RMSE. This is true especially at mid- and
high latitudes where the Rossby radius is no
longer resolved by ¼°(not shown).
Improvements around 8-10% can be seen in the
RMSE against SLA observation while no
significant impact is shown when compared sparse
in situ data (Figure 6).

Results from high-res assimilation

Figure 6: Left panels show the SLA and SST RMSE
timeseries for the two experiments (low-res in green, high-
res in black) and a free-run (red dashed line). Gray shade
corresponds to the number of observations. right panels
show the vertical Temperature and Salinity RMSE profile
against insitu observations. The global basin is considered


