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Machine learning for subgrid closures

∂t x + ℒ x + 𝒩( x) = 0
Dynamical system

∂t x̃ + ℒ x̃ + 𝒩( x̃) = 𝒩( x̃) − 𝒩̃(x)

Resolved system

anisotropy, numerics, processes, scale-dependance

Non-trivial:

Parameterizations

ocean : mixing, macro-turbulence, boundary layer


atmosphere : clouds, convection, gravity waves

ℳ( x̃) ≃ 𝒩( x̃) − 𝒩̃(x)

Subgrid term

calibration, acceleration, design 

Machine learning



Machine learning for subgrid closures

1. Define an averaging procedure

x̃ ∼ xassume

ℳ( x̃) ≃ 𝒩( x̃) − 𝒩̃(x)

Subgrid term

3. supervised learning problem 

x → 𝒩( x) − 𝒩(x)learn

2. use a trustworthy hi-res model 

database (x, 𝒩( x) − 𝒩(x))
cloud resolving sub-mesoscale permitting

∂t y + G(y) + = f?

∂t x + G(x) = f



A priori vs a posteriori skill
in Large Eddy Simulation 

a priori skill :  
ability to predict the unknown term


at fixed time t 

a posteriori skill :  
impact on the model solution


along a trajectory  



Two learning strategies  

a priori learning   

x → 𝒩(x)mapping

at fixed time t 

ℒt + Δt

ℒt + 2Δt ℒt + NΔt

x(t)
y(t)

x(t + N Δt)

y(t + 2 Δt)
y(t + Δt)

x(t + Δt)

x(t + 2 Δt)

y(t + N Δt)

a posteriori learning   

∂t y + G(y) + = fℳNN(y)

along a trajectory  

Performance ? Stability ? Ability to generalise ? 



PROBLEM SETTING



Quasi-geostrophic turbulence 
∂tω + J(ψ, ω) = ν∇2ω − μω − β∂xψ + F

u = (−∂yψ, ∂xψ)ω = ∇2ψ

Graham and Ringler (2013)

vorticity velocity

Z =
1
2 ∫ ω2dr .

E =
1
2 ∫ u2drEnergy

Enstrophy

Invariants



The subgrid closure problem

∂t ω̄ + J(ψ̄, ω̄) = ν∇2ω̄ − μω̄ − β∂xψ̄ + F̄+ R(ψ, ω)

R(ψ, ω) = ∇ ⋅ (ū ω̄ − u ω)
Reduced equation

∂t ω + J(ψ, ω) = rhs
𝒯(ω) = ω := ∫ ω(x′￼)G(x − x′￼)dx′￼Projection 

∂t ω̄ + J(ψ̄, ω̄) = rhs + ℳNN
θ (ψ̄, ω̄)



Numerical solver and flow configurations 

Gδ(k) = exp (−
k2Δ2

true

24 )
Gδ(k) = 0, ∀k > πΔ−1

reduced

Gaussian

Cut-of

- forced turbulence : equilibrium

- decay : range of regimes 

- beta-plane : jet-like turbulence 

(Graham and Ringler 2013 ; Maulik et al. 2019)

Spectral solver in



ℳNN
θ (ψ̄, ω̄)

Architecture and training

ℒprio(ℳ) :=
1
S

S

∑
i=1

(R(ψ, ω)i − ℳ(ψ̄i, ω̄i))2

Loss for a priori training 

ℒpost(ℳ) :=
1
N

N

∑
i=1

(𝒯(ω(iΔt)) − ω̄(iΔt))2

Loss for a posteriori training 

ℒt + Δt

ℒt + 2Δt ℒt + NΔt
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Baseline empirical closures

NB with dynamic procedure (Germano 1993)

ℳP(ψ̄, ω̄) = νe ∇2ω̄ eddy viscosity 

Smagorinsky model 

νe = (cSΔ)2 | S̄ |

Strain rate 

Leith model

νe = (cLΔ)3 |∇ω̄ |

Vorticity gradients



Performance metrics

Cross-scale fluxes at equilibrium

long term /climate-like

Domain-integrated energy/enstrophy

short term / forecast-like

time

enstrophy

energy 

Graham and Ringler (2013)



RESULTS



Forced turbulence 



Forced turbulence 



Decaying turbulence 



beta-plane turbulence 



A priori metric 

correlation with SGS


(larger is better)


A posteriori metric 

enstrophy flux

(smaller is better)


 


Relative performance 



Summary (so far) 

• Subgrid closures can be learned end-to-end with a posteriori criteria 
involving model integration over several time-steps.


• Application of end-to-end learning to quasi-geostrophic turbulent 
flows solves numerical stability issues related to energy backscatter. 


• Learned closures outperform existing baselines for various 
evaluation metrics (and generalize to different flow configurations) 



THOUGHTS



Leveraging deep differentiable emulators

Rewrite legacy codes

Ex : Oceananigans.jl (Julia)  Veros (Jax)

Option #1 

Automatic differentiation 
Emulate legacy codes 

Option #2 

Nonnenmacher and Greenberg 2021 

Hatfield et al. 2021, Kasim et al. 2022

x(t) x(t + Δt)



End-to-end training and 4D-Var

End-to-end learning 

vs 


Strong constraint 4DVar

control : NN parameters

Learning models from noisy, incomplete data ? 



Summary 
• Subgrid closures can be learned end-to-end with a posteriori criteria 

involving model integration over several time-steps.

• Application of end-to-end learning to quasi-geostrophic turbulent 

flows solves numerical stability issues related to energy backscatter. 

• Learned closures outperform existing baselines for various 

evaluation metrics and generalize to different flow configurations 

• Practical applications of end-to-end learning for subgrid closures in 
complex models may possibly leverage differentiable emulators


• End-to-end learning is equivalent to strong-constraint 4DVar and 
may therefore work with sparse and noisy target data (?)



Interface ?  

ML-based closures in legacy models

(Partee et al. 2021)

How to share NN-based model components ? 

NN-based closures, emulation



Frezat et al. 2021 : https://arxiv.org/abs/2111.06841 Frezat et al. (in prep for JAMES)

https://arxiv.org/abs/2111.06841

