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IFS (Integrated Forecast System)

technology applied at ECMWEF for
the last 30 years

» spectral transform
* semi-Lagrangian
* semi-implicit
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IFS (Integrated Forecast System)

technology applied at ECMWEF for
the last 30 years

» spectral transform
* semi-Lagrangian
* semi-implicit

pie chart: % of runtime in 9km
operational forecast

spectral transform @ semi-implicit solver
® grid point dynamics @ physics+radiation
@ wave model @ ocean model
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IFS (Integrated Forecast System)

technology applied at ECMWEF for
the last 30 years

» spectral transform
* semi-Lagrangian
* semi-implicit

pie chart: % of runtime in 5km
forecast (future operational)

spectral transform @ semi-implicit solver
® grid point dynamics @ physics+radiation
@ wave model @ ocean model
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IFS (Integrated Forecast System)

technology applied at ECMWEF for
the last 30 years

» spectral transform
* semi-Lagrangian
* semi-implicit

pie chart: % of runtime in 1.25km
forecast (experiment, no ocean)

spectral transform @ semi-implicit solver
® grid point dynamics @ physics+radiation
@ wave model @ ocean model

< ECMWF




Fourier transform

Fourier transform = Spectral transform in 1D

—_———)

location X
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Fourier transform

Fourier transform = Spectral transform in 1D
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location X
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Fourier transform

Fourier transform = Spectral transform in 1D

1 x \Na\le‘\\)
grid point space Fourier space
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Fourier transform
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Fourier transform




on the sphere: spectral transform

spectral space

ommmamemen Spherical harmonics



on the sphere: spectral transform

Spectral coefficients

L . Latitude Longitude Spherlcal harmonics
Grid point variable x J

\ M M
F@, N=R[> > fmn (g, )

m=0 n=m

. . m: zonal wavenumber
grid point space  total wavenumber spectral space

M: truncation




on the sphere: spectral transform

Spectral coefficients

. , . Latitude Longitude Spherlcal harmonics
Grid point variable
Xl ¢ M

f@N)=R{> > fmn (¢, )

m=0 n=m

m: zonal wavenumber
n: total wavenumber
M: truncation

Legendre
polynomials

M | M
F@,N)=R{ D> ™ N frnPl(9)
m=0 n=m
a,_/

Legendre transform

c ECMWF Fourier transform I



time step in IFS

No grid-staggering of
Grid-point space

prognostic variables
/ -semi-Lagrangian advection
-physical parametrizations

EET -products of terms verse FET
I A
' |
Fourier space Fourier space
A
' |
LT Inverse LT

Spectral space

\ -horizontal gradients v
-semi-implicit calculations

-horizontal diffusion

FFT. Fast Fourier Transform, LT: Legendre Transform

< ECMWF 15



hands-on session

for everyone: interactive web-app about spectral transform
open in a browser: anmrde.github.io/spectral

optional: Python course

open in Jupyterlab in your browser: /NMcourse/spectral/solution.ipynb

Exercises are getting more difficult. Feel free to skip exercises as you want. The full
Python course is designed to fill 20 hours.

files: exercises.ipynb: Python notebook with exercises
solution.ipynb: notebook including sample solutions

ECMWEF Jupyterhub (16GB of RAM) or personal Linux computer:
https://github.com/anmrde/spectral/tree/master/jupyter

< ECMWF
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http://anmrde.github.io/spectral
https://github.com/anmrde/spectral/tree/master/jupyter

aliasing

Issue: multiplication of two variables produces
shorter waves than grid can handle
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aliasing

wave generated in spectral space

Issue: multiplication of two variables produces
shorter waves than grid can handle
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aliasing

wave generated in spectral space

grid points

Issue: multiplication of two variables produces
shorter waves than grid can handle
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aliasing

wave generated in spectral space

grid points

Issue: multiplication of two variables produces
shorter waves than grid can handle
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aliasing

wave generated in spectral space

grid points

Issue: multiplication of two variables produces wave in grid point space

shorter waves than grid can handle

< ECMWF 2



aliasing

wave length A,

wave length A, —>|
@ ®

AX

Issue: multiplication of two variables produces

shorter waves than grid can handle =

grid can hanl {

CSECMWF - 3}




aliasing example

500hPa adiabatic zonal wind tendencies (T159)
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aliasing example

500hPa adiabatic meridional wind tendencies (T159)
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log(horizontal KE)

aliasing example

Kinetic energy spectra, 100 hPa

Horizontal kinetic energy spectra plots

Equivalent gnd/km
10000 1000 100 10

'lfll]l | | 'llllll ! ) Illllll | |

Il]lfl 1

|

total kinetic energy
rotational -
divergent

with aliasing

e

‘EW L lllllll | 1 lllllll 1 1
1 100 1000

Spectral number

10000

log(horizontal KE)

10000

Horizontal kinetic energy spectra plots
Equivalent gnd/km

1000 100 10

'ITI]II I I

llllllll | Illllll | |

'l]lIll I

total kinetic energy

rotational -

divergent
km

\
J
1§ A LlLllll ] L lllllll | A lllllll A 1
10 100 1000
Spectral number




alternatives to using a filter

ldea: use more grid points than spectral coefficients

Orszag, 1971:

2N+1 gridpoints to N waves : linear grid ~1-2 A
3N+1 gridpoints to N waves : quadratic grid ~2-3 A
4N+1 gridpoints to N waves : cubic grid ~ 3-4 A (Wedi, 2014)

Spatial filter range

< ECMWF 26



effective resolution

of linear and cubic grids (Abdalla et al. 2013)

| | |
300 ® ® (Cubic Octahedral Grid
O O Linear Gnid o
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Cubic octahedral (Gaussian) grid of IFS

 No aliasing in nonlinear products

vy e Improved accuracy and mass conservation
AN . A compared with linear grid
AR Lastlatitude SRS A o Efficiency and scalability for large size
'.".f.‘.?’-,‘.';..’?." 'f."j,*\\ before the pole  / ax . . . . . .
, problems: high grid-point resolution for a given
ANV, S S S ! spectral truncation i.e. expensive transforms

become a smaller fraction of total computations

Collignon projection on the sphere: Number of points at latitude linei=4x1+16, i=1,...,2N

For a given spectral triangular truncation N the

cubic reduced octahedral Gaussian grid has:

e 2N points between pole and equator which
coincide with Gaussian latitudes

e« 4N+16 east-west points along the equator

e 4N(N+9) points in total

_c ECMWF : resolgtion [km] o 28

Variation of grid-point
resolution with latitude
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iInverse spectral transform

spectral data: D(f,i,n, m) fastest index left (column-major

/ \ order like in Fortran)

fields (variables,

height levels) wave numbers

m=0,...,N; n=0,...,N-m
(N: truncation)

real and
imaginary part

£ ECMWF )



iInverse spectral transform

spectral data: D(f,i,n,m) m=0,...,N; n=0,...,N-m
even n

for each m:

De i (f,1,1) Do (f,1,1)

< ECMWF 30



iInverse spectral transform
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spectral data: D(f,i,n,m) m=0,...,N; n=0,...,N-m

even n P: precomputed Legendre
polynomials

for each m:

- m(f,1,¢0) = ZDem f,in) - Pem(n, @), An(f,i,¢)= ZDom fii,n) - Pom(n, ¢) matrix

multiplications

< ECMWF "



iInverse spectral transform

spectral data: D(f,i,n,m) m=0,...,N; n=0,...,N-m
even n P: precomputed Legendre
polynomials
for each m:
- m(f,1,¢0) = ZDem f,in) - Pem(n, @), An(f,i,¢)= ZDom fii,n) - Pom(n, ¢) matrix
multiplications

0 >0: F(i,m,¢,f) =Sn(f.1,¢) + An(f.1 ¢)
¢<O F(17m7¢7f) :Sm(f717_¢) _Am(f77_¢)

< ECMWF 2



iInverse spectral transform

A 2/
¥

spectral data: D(f,i,n,m) m=0,...,N; n=0,...,N-m
even n P: precomputed Legendre
polynomials
for each m:
- m(f,1,¢0) = ZDem f,in) - Pem(n, @), An(f,i,¢)= ZDom fii,n) - Pom(n, ¢) matrix
multiplications
0 >0: F(i,m, o, f) =8Sn(fi,¢)+ An(f,i,¢)
¢ <0: F(17m7¢7f) — Sm(fala _¢) - Am(f77_¢)
for each ¢,f: Gy s(N) =FFT(F, ¢(i,m)) FFT: Fast Fourier Transform

S ECMWF .



iInverse spectral transform

A 2/
¥

spectral data: D(f,i,n,m) m=0,...,N; n=0,...,N-m
even n P: precomputed Legendre
polynomials
for each m:
- m(f,1,¢0) = ZDem f,in) - Pem(n, @), An(f,i,¢)= ZDom fii,n) - Pom(n, ¢) matrix
multiplications
0 >0: F(i,m, o, f) =8Sn(fi,¢)+ An(f,i,¢)
¢ <0: F(17m7¢7f) — Sm(fala _¢) - Am(f77_¢)
for each ¢,f: Gy s(N) =FFT(F, ¢(i,m)) FFT: Fast Fourier Transform

grid point data: G(f,\, ¢)
< ECMWF 34



iInverse spectral transform

spectral data: D(f,i,n,m)
even n

for each m:

f7 7¢ ZDem falvn e,m(n7¢)a
m(fo1,0) = ZDom foin) - Pom(n, ¢)
¢>0: F(i,m,,f) =Sn(f1,¢)+ An(f,1¢)
¢< O : F(17m7¢7f) — Sm(f77_¢) _Am<f717_¢)
for each o, f: Gy r(A) =FFT(Fy ¢(i,m))

grid point data: G(f, ), ¢)
< ECMWF

spectral space

inverse Legendre transform

inverse Fourier transform

grid point space

35



iInverse spectral transform
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spectral data: D(f,i,n,m) spectral space m,n
even n
for each m:
f7 7¢ ZDem falvn e,m(n7¢)a
m(fo1,0) = ZDm foin) - Pom(n, ¢)
inverse Legendre transform m,f
¢>0: F(i,m,,f) =Sn(f1,¢)+ An(f,1¢)
¢ <0: F(17m7¢7f) — Sm(f77_¢) - Am(f717 _¢)
inverse Fourier transform f
for each o, f: Gy r(A) =FFT(Fy ¢(i,m)) ®
grid point data: G(f, A, ¢) orid point space O

< ECMWF 36



iInverse spectral transform

spectral data: D(f,i,n,m)

£
P
-
>~
g
even n v
BT v
- 230 2 L O LS
f B oS - 9
50 <l an ekl
O 7
0 ; ;
» V.
" 4
) 0

for each m:

fv 7¢ ZDem falvn e,m(n7¢)a
m(fo1,0) = Znomf,l,n Pom(n, d)

9 >0: F(i,m,¢,f) =Sn(f.1,¢) + An(f1 )
¢<O F(17m7¢7f) :Sm(f77_¢)_Am(fala_¢)

for each o, f: Gy r(A) =FFT(Fy ¢(i,m))

grid point data: G(f, ), ¢)
< ECMWF

spectral space

lots of MPI
communication

inverse Legendre transform

inverse Fourier transform

grid point space




direct spectral transform

e same like inverse spectral
transform

e reverse order

 multiply data with Gaussian
quadrature weights before
Legendre transform

< ECMWF

Grid Point Computations
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performance comparison of |[FS with other models

13km Case: Speed Normalized to Operational Threshold (8.5 mins per day)

IFS

i |FS

—— NMM-UJ

g F\[3, SINE k2 precision
—— NIM

- F\[3, double precision
i MPAS

—&— NEPTUNE

e ememe-. 13km Oper. Threshold

Fraction of Operational Threshold

(Michalakes et al, NGGPS
AVEC report, 2015)
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57344
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81920
90112
98304
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scalability comparison of IFS with other models

< ECMWF

1.2

1.0

Strong Scaling Efficiency
o o
o) 00

O
™

0.2

0.0

0

3km Scaling Efficiency Relative Over Four Highest Core Counts

n

NEPTUNE
0.96

NMM-UJ
0.83

—e—FV3 double —4—FV3 single —e—NEPTUNE (Round 1 only)

16384

32768

49152

65536 81920

Number of Cores

-—O\\\\g

FV3 (dbl)
0.88

MPAS
0.96

\ FV3 (single) NIM

MPAS

98304

0.78 091

IFS

IFS

NIM —e—NMMB-UJ —e—IFS

114688 131072 147456

(Michalakes et al, NGGPS
AVEC report, 2015)
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IFS scaling on Summit and PizDaint (CPU only)

130
—=TC07999 (1km) H PizDaint
==TC07999 (1km) NH PizDaint
110 (Tkm) 112.15
> ==TC07999 (1km) H Summit
Q 90
N
> 69.38
Q 70 64.37
»
(4+]
&
S 50
L
30 34.34 110
17.71 14.19 25.72 '
10

480 960 1440 1920 2400 2880 3360 3840 4320 4800 5280
Compute nodes (XCS50 x12 / Summit x 42 == cores)
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spectral transform vs discontinuous Galerkin

projected for 5km 2-day forecast

DG, horizontally
explicit => 4s time-
step, almost no
communication

communication

volume: 34 TB on
2880 MPI procs

time to solution: 4 hours

< ECMWF .



spectral transform vs discontinuous Galerkin

projected for 5km 2-day forecast

communication
volume:

time to solution:

< ECMWF

DG, horizontally
explicit => 4s time-
step, almost no
communication

34 TB on
2880 MPI procs

4 hours

IFS (spectral
transform): 240s
time-step, lots of
communication

427 TB on
2880 MPI procs
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spectral transform vs discontinuous Galerkin

projected for 5km 2-day forecast

communication
volume:

time to solution:

< ECMWF

DG, horizontally
explicit => 4s time-
step, almost no
communication

34 TB on
2880 MPI procs

4 hours

IFS (spectral
transform): 240s
time-step, lots of
communication

427 TB on
2880 MPI procs

12 minutes

42



spectral transform vs discontinuous Galerkin

projected for 5km 2-day forecast

DG, horizontally IFS (spectral DG (like on the left)
explicit => 4s time- transform): 240s

step, almost no time-step, lots of

communication communication 689 TB on

57600 MPI procs

communication 427 TB on
volume: 34 TB on 2880 MPI procs

2880 MPI procs

time to solution: 4 hours 12 minutes 12 minutes

< ECMWF .



GPUs vs CPUs on Summit

spectral transform only

TCO3999 (2.5km)

100

— perfect scaling

= |BM Power9 CPUs /A\
© NVIDIA V100 GPUs

o

1%

: summjit
= C

— O

o O 1

O O

O 2 At 2.5km resolution, less
£ = than 1s per time-step fits
c operational needs.

S

O 01 This research used resources of the Oak
' ' Ridge Leadership Computing Facility,

240 480 960 1920 which is a DOE office of Science User

Facility supported under contract DE-

ACO05-000R22725.
number of nodes

< ECMWF .




Optalysys: optical processor
for spectral transform

Figures used with permission from Optalysys, 2017
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Fast Legendre Transform

* recap: Legendre transform:

m(fi1,¢) = ZDem fii,n) - Pem(n,¢), Ap(fi,¢)= ZDom foi,m) - Pop(n, @)

~ ECMWF 4



Fast Legendre Transform

* recap: Legendre transform:

m(fo1,0) = ZDemf,l,n

data in Fourier space

fields f, real/imaginary i

S. A

fields f, real/imaginary i

latitudes ¢

< ECMWF

m (1, 8), An(f,i,¢) = ZDom fin)-

data in spectral space

total wavenumber n

Pom(n, ¢)

Legendre polynomials

(precomputed)
c
©
0
=
-
C
QL
>
]
2
o
S
latitudes ¢
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Fast Legendre Transform

* recap: Legendre transform:

m(fo1,0) = ZDemf,l,n

data in Fourier space

fields f, real/imaginary i

S. A

fields f, real/imaginary i

latitudes ¢

< ECMWF

m (1, 8), An(f,i,¢) = ZDom fin)-

data in spectral space

total wavenumber n

Pom(n, ¢)

Legendre polynomials
(precomputed)

total wavenumber n

latitudes ¢
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Fast Legendre Transform

* Idea behind the Fast Legendre Transform (explanation based on Figure 1 of Seljebotn, 2012):

Legendre polynomials block diagonal matrix product of permutations and
(precomputed) block diagonal interpolation matrices

total wavenumber n
total wavenumber n

reordered latitudes ¢

latitudes ¢ reordered latitudes @ latitudes ¢

~ ECMWF 48



Fast Legendre Transform Z il

matrix of
Legendre polynomials

truncation N=500,

zonal wavenumber
m=40

FLT:

step 1: split matrix
into two rows

step 2: use
interpolation to
empty half of the
columns

-
-
QL
0
=
-
C
QL
>
(C
2
©
+J
O
+—

0 50

& ECMWF equator latitude ¢




Fast Legendre Transform

matrix of
Legendre polynomials

truncation N=500, o

zonal wavenumber
m=40

300

FLT:

step 1: split matrix
into two rows
step 2: use
interpolation to

empty half of the
columns

step 3: reorder
columns

S ECMWF latitude @ 50

200 -

total wavenumber n

100




Fast Legendre Transform

500

matrix of
Legendre polynomials

truncation N=500, o
zonal wavenumber
m=40

300

FLT:

step 1: split matrix
into two rows

step 2: use
interpolation to
empty half of the
columns

step 3: reorder
columns

200 -

total wavenumber n

100

0 10 20 30 40 50 60 70 80 %0

step 4: apply to each |
block recursively reordered latitude ¢ 51



Fast Legendre Transform

matrix of n
Legendre polynomials

truncation N=500, o
zonal wavenumber
m=40

300 -

FLT:

step 1: split matrix
into two rows

step 2: use
interpolation to
empty half of the
columns

step 3: reorder
columns

200 -

total wavenumber n

100

step 4: apply to each ° ? ? ? “ cn
block recursively reordered latitude ¢ 52



Fast Legendre Transform Z il

NN
N\

matrix of
Legendre polynomials

truncation N=500,

zonal wavenumber
m=40

FLT:

step 1: split matrix
into two rows

step 2: use
interpolation to
empty half of the
columns

step 3: reorder
columns

-
-
QL
0
=
-
C
QL
>
(C
2
E
+J
O
+—

0 50

step 4: apply to each |
block recursively equator latitude ¢




Fast Legendre Transform \

matrix of
Legendre polynomials

truncation N=500,

zonal wavenumber
m=100

FLT:

step 1: split matrix
into two rows

step 2: use
interpolation to
empty half of the
columns

step 3: reorder
columns

-
-
QL
0
=
-
C
QL
>
(C
2
E
+J
O
+—

100
0

step 4: apply to each |
block recursively equator latitude ¢




Why should Fast Legendre Transform improve performance?

* recap:
Legendre polynomials block diagonal matrix product of permutations and
(precomputed) block diagonal interpolation matrices
- - o
© © v
0 0 @
= c O
- - et
C c +J
QL (&, ¢ (©
3 : =
2 2 O
I IS i
S S 0
latitudes ¢ reordered latitudes @ latitudes ¢

* these matrices are all fixed (independent of the current simulation!)

» only small blocks need to be multiplied with the current data, everything else is built into the algorithm
55

< ECMWF



Fast Legendre Transform

floating point operations

Number of floating point operations for direct or inverse spectral
transforms of a single field, scaled by N2/og3N

100
W no FLT W OFLT
75
50
25 I II II I )
0 I |

P 1279 2047 3999 7999
s ECMWF
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Fast Legendre Transform

wallclock time

Average wall-clock time compute cost of 107 spectral transforms
scaled by N?log3N

4
™ no FLT o FLT
3
2 | B
1 B
O _
799 1279 2047 3999 7999
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Questions?

<~ ECMWF
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