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Why do we need data assimilation?

* By construction, numerical weather forecasts are imperfect:

< discrete representation of the atmosphere in space and time (horizontal and
vertical grids, spectral truncation, time step)

< subgrid-scale processes (e.g. turbulence, convective activity) need to be
parametrized as functions of the resolved-scale variables.

< errors in the initial conditions.

* Physical parametrizations used in NWP models are constantly being
improved:

—> more and more prognostic variables (cloud variables, precipitation, aerosols),
—> more and more processes accounted for (e.g. detailed microphysics).

* However, they remain approximate representations of the true atmospheric
behaviour.

* Another way to improve forecasts is to improve the initial state.

* The goal of data assimilation is to periodically constrain the initial conditions
of the forecast using a set of accurate observations that provide our best
estimate of the local true atmospheric state.




General features of data assimilation

» Goal: to produce an accurate three-dimensional representation of the
atmospheric state to initialize numerical weather prediction models.

» This is achieved by combining in an optimal statistical way all the information
on the atmosphere, available over a selected time window (usually 6 or 12h):
v Observations with their accuracies (error statistics),

v Short-range model forecast (background) with associated error
statistics,

v  Atmospheric equilibria (e.g. geostrophic balance),

v Physical laws (e.g. perfect gas law, condensation, microphysics,...)

» The optimal atmospheric state found is called the analysis.



Observations

Operationally assimilated for several decades:

* Surface measurements (SYNOP, SHIPS, buoys,...),
*Vertical soundings (TEMP, PILOT, aircraft reports, wind profilers,...),
* Geostationary satellites (METEOSAT; GOES; Himawari; Fengyun) and
Polar orbiting satellites (e.g., SSM/I; AIRS; AQUA; QuikSCAT;...):
- radiances (infrared & passive microwave in clear-sky conditions),
- products (motion vectors, total column water vapour, ozone,...).

Over the past decade:

* Satellite IR and MW radiances in cloudy and rainy regions (SSM/I, TMI,...),
* Precipitation measurements from ground-based radars and rain gauges.
* Satellite measurements of aerosols and trace gases (e.g., in CAMS analysis).

More recently (hopefully, soon operational):

* Satellite cloud/precipitation radar reflectivities (e.g., EarthCARE).

* Spaceborne lidar cloud & aerosol backscatter measurements (e.g., EarthCARE).
* Satellite lightning optical signals (e.g., GOES GLM; MTG LI).

* Satellite visible reflectances (e.g., GOES ABI; MTG FCI).



Why physical parametrizations in data assimilation?

* In current operational systems, most used observations are directly or indirectly
related to temperature, wind, surface pressure and humidity outside cloudy

and precipitation areas (> 60 million observations assimilated in ECMWF 4D-Var
every 12 hours).

= Physical parametrizations are used during the assimilation to link the
model’s prognostic variables (typically: T, u, v, g, and P,) to more “exotic”
observed quantities (e.g. precipitation rates, radiances, radar reflectivities,...).

» Observations related to clouds and precipitation have started to be routinely
assimilated,

—> but how to convert such information into proper corrections of the model’s initial
state (prognostic variables T, u, v, g, and P,) is not so straightforward.

For instance, problems in the assimilation can arise from the discontinuous and
non-linear nature of moist processes.



Improvements are still needed...

= More observations are needed to improve the analysis and forecast of:

» Mesoscale phenomena (convection, frontal regions),

= Vertical and horizontal distribution of clouds and precipitation,

» Planetary boundary layer processes (stratocumulus/cumulus clouds),
= Surface processes (soil moisture, snow on the ground, sea ice),

» The tropical circulation (monsoons, squall lines, tropical cyclones).

= Recent developments and improvements have been achieved in:

- (Ol = 3D-Var - 4D-Var - Ensemble DA).

. in NWP models (prognostic schemes,
detailed convection and large-scale condensation processes).

. (at infrared, microwave and visible wavelengths).

. of NWP models (currently at
ECMWE: 9 km globally, 137 levels).



ECMWF To summarize...

Observations a priori information from model
with errors = background state with errors

v

Data assimilation system
(e.g. 4D-Var)

v

|Analysis |

;

| NWP model |

l |

| Forecast |

Physical parametrizations are needed in data assimilation:

- to link the model variables to the observed quantities,
- to evolve the model state in time during the assimilation (esp. in 4D-Var).




Empirical initialization

Example from Ducrocq et al. (2000), Météo-France:

- Using the mesoscale research model Méso-NH (prognostic clouds and precipitation).

- Particular focus on strong convective events.

- Before running the forecast:

1) A mesoscale surface analysis is performed (esp. to identify convective cold pools)

2) the model humidity, cloud and precipitation fields are

to match

ground-based precipitation radar observations and METEOSAT infrared brightness

temperatures.

$ METEOSAT: |Infra-Red

Vis, WV

radar: PPI
reflectivity

SYNOP:CI, Cm, Ch

+— Surface
Observations

T2m Td2m,v10m

ETEOSAT



2h FC from modified analysis
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A very simple example of variational data assimilation

- Short-range forecast (background) of 2m temperature from model: X,, with error o,
- Simultaneous observation of 2m temperature: y, with error oy,.

The best estimate of 2m temperature (X,=analysis) minimizes the following cost

function: > >
1 X=X, 1{ x-y, .
J(x)== +— = quadratic distance to
2\ o, 2\ o background and obs

0
g ~

Jb J ’ (weighted by their errors)
0

In other words:

dJ — — ’
(dxj :(Xa 2Xb)+(xa 2yo)zo S X, =X+ ZGb z(yo_xb)

Oy, O, Op * 0,

And the analysis error, o, verifies: | 1 1 1 :
i a =—t— = 0§ < min( of,af)
Gb Go

The analysis is a linear combination of the model background and the observation
weighted by their respective error statistics.



3D-Var assimilation

[N] [

[ J(x) = 3(x = xp) "B (x = xp) + 5 (H(x) = yo) TR™ (H (%) — ¥o) ]

B is the background error covariance matrix, R is the observation error covariance matrix,
H is the observation operator (used for converting model state vector x = (T, ¢y, u, v) into
observation space).

0

ECMWF, Reading



OD-Var

3D-Var

1

%(X—Xb)T B_l(X—Xb) +§(H (X) _yo)T R_l(H (X) _yO)




3D-Var assimilation

(x = xp) "B (x — %) + 3 (H(x) —yo) TR (H(x) — yo) ]

)
S
=

Il
[N] [

B is the background error covariance matrix, R is the observation error covariance matrix,
H is the observation operator (used for converting model state vector x = (T, ¢y, u, v) into
observation space).

The minimization of J can be performed if its gradient with respect to the atmospheric

state x is known:

where H” is the transpose of the tangent linear oplerator derived from the non-linear

observation operator H.

Matrix HT = Adjoint of operator H

0

ECMWF, Reading



Observation operators in data assimilation

Example of non-linear observation operator:

T observation equivalent
q = satellite cloudy radiances
V
! Rad .,
model H -
State yl acC ch2
P i Ra0 h3 |
CIliq - .-
q H = radiative transfer model
| Mice |

< ECMWF



Tangent-linear and adjoint operators

The tangent-linear operator Is applied to perturbations:

ol
A,
ou oRad .,
ix=|ov |—Hs Gy =| Rad,,
OP, | ORad 5 |
é‘qliq
_5qice_
The adjoint operator is applied to the cost function gradient:
(23, 10T |
oJ,10q,
(0], /6Rad, | 8J, 1 ou
vV, J,=| 8,/ eRady, | — >V, I, =|aJ, oV
| 8J,/0Rad | 8J, | P,
aJ, 1 aq;,
CECMWF | 0do /00, _




An example of observation operator
H: input = model state (T,0,) > output = surface convective rainfall rate

Jacobians of surface rainfall rate w.r.t. T and g,
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Mahfouf (2002) scheme) mass-flux scheme)



The minimization of the cost function J is usually
performed using an iterative minimization procedure

Xn+1 — Xn _panJ (Xn)

1200 - :
- | cost function J
: J(Xp)

1000

i

800 }

i —p.V_ J(X"
600/ PV, Jd (X7)

& ‘Jmini

~S

=
able X1

NS

% L]
—=> model vart

NS

Example with control vector X = (X{,X,)



'model state 3D-Var

analysis time t,
l All observations y, between t,-3h

and t,+3h are assumed to be valid at
analysis time

Yo 0—» (t,=1200 UTC here)
a

X, = final analysis

Xp = model first-guess

N

9 12 15 time

min J—l(x X,) B™(Xx— xb)+l(H(X) yo) (H(X)_yo)

&V JI=B'(x-x,)+H R H(X)-y,)=0



4 model state

4D-Var

All observations y, between

their actual time

Forecast model

> is involved in
minimization

m— analysis time t,
initial time t, 1 t,-9h and t_+3h are valid at
Yo : Model trajectory from analysis
0 =T~ !N (corrected initial state)
ke EE A b
X~ ~ & z
V . Model trajectory from
: Xp ; : . first guess x,
3 6 9 12 15 ime
O 9 time

assimilation window

min J :%(xo -x, ) B™(X, -xb)+§Z(Hi

Adjoint of forecast model
with simplified linearized physics

Xo ])) —Yoi )T Ri_l(Hi(M [Xo ])) _yoi)

1=0

iTRi_l(Hi (M [Xo])) _yoi) 0




EXAMPLE OF ADJOINT CODING

e non-linear statement




EXAMPLE OF ADJOINT CODING

e non-linear statement




EXAMPLE OF ADJOINT CODING

e non-linear statement

e tangent linear statement

or in a matrix form:




EXAMPLE OF ADJOINT CODING

e adjoint statement

- transpose matrix

or in the form of equation set:

dz*

0z* + 2z6x*
oy* + dx*
0

As an alternative to the matrix method, adjoint coding can be carried out using a
line-by-line approach (what we do at ECMWEF).

Automatic adjoint code generators do exist, but the output code is not optimized

and not bug-free.

Vas
\" 4

ECMWFEF, Reading



Testing the tangent-linear code

The correctness of the tangent-linear model, M, must be assessed by
checking that the first-order Taylor approximation is valid:

M(x+ A6x) — M(x) B

Vox lim 1
A—-0 A Mobdx
Example of output from a successful tangent-linear test:
A RATIO
i i 0.1E-09 | 0.9994875881543574E+00 | ) :
Tiny perturbations Machine
0.1E-08 | 0.9999477148855701E+00 —
> precision
0.1E-07 | 0.9999949234236705E+00
reached
0.1E-06 | 0.9999993501022509E+00 | J
0.1E-05 | 0.9999999496119013E+00 | A
0.1E-04 | 0.999999£111338369E-+00
Improvement
0.1E-03 | 0.9999953179193711E+00 ——
0.1E-02 | 0.9999f24488345042E+00 erturbation size
0.1E-01 | 0.9998727842790062E+00 P q
0.1E+00 | 0.99¥8007454264978E+00 ECTEASES
Larger perturbations | 0.1E+o01 83066504549524E+00

CECMWF



Testing the adjoint code

The correctness of the adjoint model needs to be assessed by checking
that it satisfies the mathematical relationship:

Vox, 8y (Mdx, 0y) = (6x, M'dy)

where M is the tangent-linear model and M T is the adjoint model.

Example of output from a successful adjoint test:

<M ox, oy>=-0.1376510262516481
< &x, MToy>=-0.1376510262516881

The difference Is 11.351 times the zero of the machine

The adjoint test should be correct at the level of machine precision
(typ. 13 to 15 common digits for the entire model).
If not, there must be a bug in the code!

CECMWF



Testing the adjoint code

At ECMWEF, the adjoint is tested for multiple dates and configurations
of the linearized physics - tabulated number of common digits:

X

Members

_ e e ek e e e e o e D
O O =N W 0100 N 00 O O

= N W s OO N 0

1

2

3

D test, exper ca**

4 5 6 7
Physics configurations

8

TL399 L137 +12, cy47r1, 20 members
Number of matching digits

9

10

Members

AD test, exper au™*
TL399 L137 +12, cy47r1, 20 members

Number of matching digits

—_ e e a  a N
QO = NN W 0100 NN 0O O

v/

[le)

- N WA OO N

1 2 3 4 5 6 7 8 9 10
Physics configurations

CECMWF



Linearity assumption

- Variational assimilation is based on the strong assumption that the analysis is
performed in a (quasi-)linear framework.

« However, in the case of physical processes, strong non-linearities can occur in
the presence of discontinuous/non-differentiable processes
(e.g. switches or thresholds in cloud water and precipitation formation).

- “Regularization” needs to be applied: smoothing of functions, reduction of
some perturbations.

y 1 original tangent in X,
/
/
e "
Precipitation /i g
formation = .
rate AY (tangent-linear)

—> - X
AX (finite size perturbation) Cloud water amount

CCECMWF



An example of spurious TL noise caused by a threshold in the
autoconversion formulation of the large-scale cloud scheme.

~700 hPa zonal wind increments [m/s] from 12h model integration.

Nonlinear finite difference:
M(x+5x) M(X) Tangent-linear integration: M 6X

with perturbation reduction in
autoconversion

from M. Janiskova



ECMWEF operational LP package (operational 4D-Var) |

Currently used in ECMWF operational 4D-Var minimizations (main simplifications with respect
to the full non-linear versions are highlighted in red):

* Large-scale condensation scheme: [7ompkins and Janiskova 2004]
- based on a uniform PDF to describe subgrid-scale fluctuations of total water,
- melting of snow included,
- precipitation evaporation included,
- reduction of cloud fraction perturbation and in autoconversion of cloud into rain.

* Convection scheme: [Lopez and Moreau 2005]
- mass-flux approach [7iedtke 1989,
- deep convection (CAPE closure) and shallow convection (g-convergence) are treated,
- perturbations of all convective quantities are included,
- coupling with cloud scheme through detrainment of liquid water from updraught,
- some perturbations (buoyancy, initial updraught vertical velocity) are reduced.

* Radiation: TL and AD of longwave and shortwave radiation available [Janiskova et al. 2002]
- shortwave: based on Morcrette (1997), only 2 spectral intervals (instead of 6 in non-
linear version),
- longwave: based on Morcrefte (1989), called every 2 hours only.




ECMWEF operational LP package (operational 4D-Var) |

* Vertical diffusion:
- mixing in the surface and planetary boundary layers,
- based on K-theory and Blackadar mixing length,
- exchange coefficients based on Louis et al. [1982], near surface,
- Monin-Obukhov higher up,
- mixed layer parametrization and PBL top entrainment recently added.
- Perturbations of exchange coefficients are smoothed (esp. near the surface).

* Orographic gravity wave drag: /Mahfouf 1999]
- subgrid-scale orographic effects [Lott and Miller 19977,
- only low-level blocking part is used.

* Non-orographic gravity wave drag: /Oor et al. 2010]
- isotropic spectrum of non-orographic gravity waves [Scinocca 2003],
- Perturbations of output wind tendencies below 200 hPa reset to zero.

®* RTTOV is employed to simulate radiances at individual frequencies (infrared, longwave
and microwave, with cloud and precipitation effects included) to compute model-satellite

departures in observation space.




Impact of linearized physics on tangent-linear approximation

Comparison:

Finite difference of two NL integrations « TL evolution of initial perturbations

Examination of the accuracy of the linearization for typical analysis increments:

M (Xan)_ M (ng) <~ M ()\(an _ng)J

typical size of 4D-Var
analysis increments

Diagnostics:

®* Mean absolute errors: ¢ = ‘ [I\/I (Xan )— M (ng )]— M (Xan ~ Xpg )‘

Ecyp — &
EXP REF
* Relative error change: i <100%  (improvement if < 0)
REF

®* Here: REF = adiabatic run (i.e. no physical parametrizations in tangent-linear)

CCECMWF



CECMWF

Impact of linearized physics on TL approximation (1) |

Zonal mean cross-section of change in TL error when TL includes:

VDIF + orog. GWD + SURF
Relative to adiabatic TL run (50-km resol.; 20 runs; after 12h integr.).
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Impact of linearized physics on TL approximation (2) |

Zonal mean cross-section of change in TL error when TL includes:
VDIF + orog. GWD + SURF + RAD

Relative to adiabatic TL run (50-km resol.; 20 runs; after 12h integr.).
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Impact of linearized physics on TL approximation (3) |

Zonal mean cross-section of change in TL error when TL includes:
VDIF + orog. GWD + SURF + RAD + non-orog GWD + moist physics

Relative to adiabatic TL run (50-km resol.; 20 runs; after 12h integr.).
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Applications



1D-Var with radar reflectivity profiles

———=1V J, =B(x-x,)

VIE+—V J,

T

I Moist Physics (ADJ) I

T

| Reflectivity Model (ADJ) |

f

Background 1 T o-1
Xe=(Tp, L .. —J, _E(X_Xb) B (X_Xb)
| x=(Ta....) | | MINIM |+——
| Moist Physics |
1 Analysis
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| Reflectivity Model |
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/ q ‘»‘Jo - [ mod ost
— 2; Gcl)(bs
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Z  —Z¢
| VZ'Jo |: modk obs:|
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K = number of model vertical levels




Impact of linearized physics on analyses and forecasts

Relative change in forecast RMS error due to the inclusion of linearized physics
(as well as physics-related observations) in 4D-Var assimilation.

° 90°S to 20°S 20°S to 20°N 20°N to 90°N
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>0 = @ (from 18-km L137 4D-Var cycled over 3 months)

© 90°S to 20°S 20°S to 20°N 20°N to 90°N

o 0.2 0.15 . 0.12

< Z 500hP3a Wind 850hPa 5 Z 500hP3g

S 0.15 01k 0.08 L

£ ' '

- 041 i

9 0.05 0.04 -

o 0.05 L

ko . 0

= - 1 | oleiooo___1_TT 1T

e !

5_0-05 Lo a1 -0.05 [ N NN NN NN I NN N B -0.04 I N NN (N NN NN N N B

P 012345678910 0123456738910 0123456738910

Black line: impact of physics-related observations + linearized physics.

Red line: impact of physics-related observations alone. : .
ECMWF Janiskova and Lopez (2023)



Influence of time and resolution on linearity assumption in physics

Results from ensemble runs with the MC2 model (3 km resolution)

over the Alps, from Walser et al. (2004).
Comparison of a pair of “opposite twin” experiments.

]
h =
T T T 1

|
I
T T T

Linearity

]
[ra ]

v ©

—s

Correlation between “opposite twins”

Forecast time (hours)

—>The validity of the linear assumption for precipitation quickly drops in
the first hours of the forecast, especially for smaller scales.



Summary and prospects (1)

®* Linearized physical parameterizations have become essential components
of variational data assimilation systems (4D-Var):

- Better representation of the evolution of the atmospheric state during the
minimization of the cost function (via the adjoint model integration).

- Extraction of information from observations that are strongly affected by
physical processes (e.g. by clouds or precipitation).

e However, there are some |limitations to the LP approach:

1) Theoretical:
The domain of validity of the linear hypothesis shrinks with increasing
resolution and integration length.

2) Technical:
Linearized models require sustained & time-consuming attention:

- Testing tangent-linear approximation and adjoint code.
- Regularizations / simplifications to eliminate any source of instability.
- Revisions to ensure good match with reference non-linear forecast model.

S ECMWF



Summary and prospects (2)

® In practice, it all comes down to achieving the best compromise between:

Realism

Cost Linearity

* Alternative data assimilation methods exist that do not require the
development of linearized code, but so far none of them has been able to

outperform 4D-Var, especially in global models:
- Ensemble Kalman Filter (EnKF; still relies on the linearity assumption),

-> Particle filters (difficult to implement for high-dimensional problems).

® So, whatis the future of LP?

S ECMWF
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Summary and prospects (3)

®* Eventually, it might become impractical or even impossible to make LP work
efficiently at resolutions of a few kilometres, even if the linearity constraint
can be relaxed (e.g. by using shorter 4D-Var window or weak-constraint 4D-
Var).

® If the current 4D-Var becomes too expensive at very-high resolution, Artificial
Intelligence might offer a solution by replacing some of the physical

parametrizations with much cheaper equivalents (e.g., based on neural
networks). But this is still ongoing research...

Thank you!

S ECMWF
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https://www.ecmwf.int/en/elibrary/81350-newsletter-no-175-spring-2023

Some slides of summary...




'model state

3D-Var

analysis time t,

All observations y, between t,-3h
and t,+3h are assumed to be valid at
analysis time

Yo "' (t,:=1200 UTC here)
® < po b o
a @ o
L X, = final analysis
b
: Xy, = model first-guess
12 15 time

min J_l(x X,) B™(Xx— xb)+1(H(X) yo) (H(X)_yo)

&V JI=B'(x-x,)+H R H(X)-y,)=0



+ model state 4D-Var

analysis time t, All observations y, between
initial time 1, 1 t,-9h and t,+3h are valid at
their actual time
E Yo @ : Model trajectory from
0 =T~ !N corrected initial state

) -7 : @ TS -

V . Model trajectory from

- Xp : . first guess X, Forecast model

- : — is involved in

3\ 6 J 12 LS time minimization

- - -V-
assimilation window

min J :%(xO -X,)"

Adjoint of forecast model T5-1 B
with simplified linearized physics ID') Ri (Hi(M[Xo])) yoi)

.
& V,J =B (% -%,) + ), M GIHT R (H (M%) - v)

0




l as
A 4

model space
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N

observation space
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N

Incremental 4D-Var

0y +2- 2 (H (0) = d ) R (H (8) — d )

H; tangent-linear observation operator

H non-linear observation operator

t;+12h time

j trajectory from first guess Xgp,

~N_ - »étrajectory from corrected initial state

M tangent-linear model (simplified physics)

M non-lihear forecast model (full physics)

N

t,+12h  time



Variational data assimilation relies on some essential assumptions:

e (Gaussian and unbiased model background and observation errors,
e Quasi-linearity of all operators involved (H, M).

Given some background fields and a very large set of asynchronous
observations available within a certain time window (6 or 12h-long), 4D-Var

searches the statistically optimal initial model state X, that minimizes the
cost function:

J(Xo) = Jp(X) + Jo(HM(X))

The calculation of V,pJ requires the coding of fangent-linear and adjoint
versions of the observation operator H and of the full nonlinear forecast
model M (including physical parameterizations).

The tangent-linear and adjoint forecast models, M and MT, are usually

based on a simplified version of the full nonlinear model, M, to reduce
computational cost in the iterative minimization and to avoid nonlinearities.




The aim of data assimilation is to produce a statistically optimal model
state (the analysis) which can be used to initialize a forecast model.

In variational DA, this is achieved by minimizing a cost function, J, that
measures the distance to the model background and observations,
weighted by their respective error statistics.

In 3D-Var:

1 -
J = E(X_Xb)T(X_Xb)

~(He9-y, ) RAH GO -v.)

Parameterizations are needed during the minimization o convert the model
control variables (T,q,u,V,P.) into observed equivalents (e.g. reflectivities,
radiances,..) ("observation operator” H).

Fundamental assumptions:

- Background and observation errors are Gaussian and unbiased.

- Observation operator H is not too non-linear.



e The aim of a data assimilation system is to produce a statistically optimal
model state (the analysis) that can be used to initialize a forecast model.

e TIn variational DA this is achieved by minimizing iteratively a cost function

(J) that measures the distance to the model background and observations,
weighted by their respective error statistics (Gaussian and unbiased).

e Parameterizations are needed during the minimization to:
- convert the model variables (T,q,u,v,P,) into observed equivalents

(e.g. reflectivities, radiances,...) (observation operator H),
- evolve the model state from analysis time to observation time (4D-Var).

e The tangent-linear and adjoint versions of these usually simplified
parameterizations must be coded, tested, and some regularization is
usually needed to eliminate discontinuities/non-linearities.

e The adjoint version of the parameterizations is needed to compute the
gradient of the cost function with respect to the initial model state, X:

V. J =B (x-x,)+M[t,t,]'H'V I, with V,J, =R (H(X)-Y,)



A few examples/exercises...




A simple analysis problem

Exercise

e 6-hour forecast of 2m temperature produced by the model:
x; with a standard deviation of forecast error oy

e observation of 2m temperature:
Yo with a standard deviation of observation error o,

e The best estimate of the 2m temperature (analysis) minimizes the departure from the model
first-guess and from the observation according to their relative accuracies:

_1 X — Xp 2 1/x—y, 2
709=5(557) +3(72)

Since the analysis x, minimizes the cost function, then

0T
B (Xa) =0

Analysis state can be written as:

Xq = Xp T+ a(yo - xb)

0

ECMWFEF, Reading



A simple analysis problem
Exercise

e Problem:

— Find the coefficient «.

— Show that the variance of the analysis error is:

(Note: o = (x — x¢)?, where x; is the unknown true state).




A simple analysis problem

Solution

® Since the analysis x, minimizes the cost function, then

N

P a) =10
e (X0

s - X - Vo
_ X b+x v

dx op2 co?

2 2 2 2
XTo" — XpOp~ + X0~ — Yo0h

=0

2 2 2 2
() x(op” +0p7) = Xp00" + Yooy
2 2 2 2
XpOo™ +VYo0p™ — Xpop™ + Xpoy
0'02+0'b2
2 2 2
X[,(O"O —+ oy )+Cfb (YO*Xb)

0'02 +O'bz
]

X o=

Ty
x = x5 +|— 2Ny — %)
Tgs 4+ oy

a

ECMWE, Reading




A simple analysis problem

Solution
¢ Analysis error:
starting from equation (*) one gets
3} ) o2 iy oy
a - b ; o
00 4 ap? To% + op?
( YL ) —5
Xg — X¢ = Xp — X¢ Yo — Xy
oo? + op? o2 + o2
4
S— -_ o T
2 — 2 o 2
(o — %)% = (xp = X¢) + (Yo — x¢)
(062 4 032)2 (062 + 0p2)2
2

gong
(0-02 _|_ 0'52)2

Since background and observation errors are assumed to be uncorrelated:

+ (xp — % ){yo — Xt)

Cov(xy,¥0) = (Xp — %t )(¥o — %) =0

which gives

JQQ _ oy T, i Oh To
(0o +0p2)2 (0% +0b7%)?
op2 0, 1 1 1
0,0 = == = -
To? + op? 0.2 o o2

g ECMWE, Reading



1D-Var assimilation of physical fluxes

Example

e observation operator = physical parametrization

— example: thermal radiation at the surface (Brunt, 1934)
Rr = oT*(a + by/e)
where T' is the screen level temperature and e is the water vapour pressure

e model temperature and humidity (73, e;) can be modified to better match an observation of
thermal radiation Ryp,,

e the optimal values of T' and e minimize the following cost function:

2 2 2
1 /7T — T, 1/e—e 1/ R;, — R
2 O’Tb 2 Oep 2 To

gradient of the cost function:

oT . T — Ty +3RL Ry — Ry,
oT B CFTg oT o2
oTJ _ e —ep n ORp, ( R, — R,
de B a’eg Oe a2

0

ECMWFEF, Reading



1D-Var assimilation of physical fluxes
Example

e tangent-linear operator:

BRL ). (ET)
de

e adjoint of the tangent-linear operator:

OR
27 e ARy oR,

de

4
with 8_T = 40T>(a + b\/€) and 2 L = bgjg




EXERCISE 2

- write tangent linear (TL) and adjoint (AD) code of the following non-linear (NL) code
(FORTRAN 90)

SUBROUTINE Longwave_Radiation (EA, TA, RL)

! Longwave radiation at the surface (RL in Watts/m2)

! Empirical expression from Brunt (1934) depending upon

! TA = air temperature (K)

! EA = water vapour pressure (hPa)

! Non-linear routine

IMPLICIT NONE

REAL
REAL
REAL
REAL
REAL

ZEMIS
RL

INTENT(IN) :: EA, TA
INTENT (OUT) :: RL
PARAMETER :: A=0.75, B=0.003
PARAMETER :: SIGMA=5.67E-8
: ZEMIS
A+B*SQRT (EA)
ZEMIS*SIGMA*TA**4

END SUBROUTINE Longwave_Radiation

0

ECMWFEF, Reading



EXERCISE 2 - solution
e tangent linear code
SUBROUTINE Longwave_Radiation_TL (EA5, TAS, RL6, EA, TA, RL)
! Longwave radiation at the surface (RL in Watts/m2)
! Empirical expression from Brunt (1934) depending upon
! TA = air temperature {K)

!' EA = water vapour pressura (hPa)

! Tangent-linear routine

IMPLICIT NONE

REAL , INTENT{IN) :: EAB, TAS I Trajectory
REAL , INTENT(OUT) :: RLS ! Trajectory
REAL , INTENT(IN) :: EA, T4 ! Perturbation
REAL , INTENT(QUT) :: RL ! Perturbaticn
REAL , PARAMETER 11 A=0.75, B=0.003

REAL , PARAMETER 11 SIGMA=5.87E-8

REAL i ZEMISH, ZEMIS

ZEMISE = A+B*3QRT(EAB)

ZEMIS = B/{2.*SQRT{(EAB)})*EA

RL5 = ZEMISE+SIGMA*TAL**4

RL = ZEMIS *STGMA*TAB*+#4 + 4 *«ZEMISO#STIGMA*TAG**3+TA

END SUBROUTINE Longwave Radiation_TL

ECMWEF, Reading



e adjoint code
SUBROUTINE Loungwave_Radiztion_AD (EAS5, TAL, RLB, EA, TA, RL)

EXERCISE 2 - solution

! Lengvave radiation at the surface (RL in Watts/m2)
| Empirical expression from Brunt (1934) depending upon

1 TA = air vemperature (K)

! EA

I Adjoint routine

IMPLICIT NONE

REAL
REAL
REAL
REAL
REAL
REAL
REAL

3

’

>

¥

3

b

INTENT(IN
INTENT{OUT)
INTENT(IN)
INTENT{OUT)
PARAMETER
PARAMETER

water vapour pressure (hPa)

11 EAG, TAB

:: RLB

:: EA, TA

:: RL

i1 A=0.75, B=0.003

SIGMA=5.G7E-8
ZEMISE, ZEMIS

! Trajectory computations

ZEMISH

RL5

il

A+B*30RT (EAB)
ZEMISH*SIGMA*TAL*#4

! Initialization of local variables

!
1
!
!

Trajectory
Trajectory
Perturbation
Perturbation

ECMWEF, Reading



ZEMIS = 0.
! Adjoint computation

TA = TA + 4. +ZEMISE+SIGMA*TAB*+3+RL
ZEMIS = ZEMIS + SIGMA*TAB*%4#RL

RL = 0.

EA = EA + B/(2.*SQRT(EAB))*ZEMIS
ZEMIS = 0.

END SUBROUTINE Longwave_Radiation_AD

ECMWEF, Reading




A simple 4D-Var analysis problem

Exercise A

Observations y; and y2 at time ¢; and to
Model first guess x; and x2 at time £; and t2 XO.'\:"—/E‘{

Time evolution from the initial time tg:

x1 = My(x0) and xo = Ms(x1) b b time

Cost function:

1 — 21 — 2
j(xo):i(u) +§(u) =1+ T2

g1 g2

Problem:
Estimate the gradient of J with respect to the initial state xg.

0

ECMWFEF, Reading



' V-S"blu'ti(jﬂ |

e At time to:

At time t1:

At time tg:

Finally:

—— —_—

97 8T | 0T M1T(x1 in

5){0 B 5?(20 BXD

ECMWF, Reading
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Adjoint technique

e Non-linear observation operator:

y = H(x)

e Tangent linear operator:

dy = H(0x)

e H is the Jacobian matrix derived from H:

0y;
ox j

Ay
Z 0, O

ECMWEF, Reading




Adjoint technique

e Observation term of the cost-function:

1
Jo = E(y —vo) 'Ry — yo)

e Gradient with respect to y:

VyJo = R_l(y - YO)

e Gradient with respect to x:

M
N . 0T 8yj

i=1

which involves the adjoint (transpose) of the tangent-linear operator.

e Finally:

ijo = HT(v'yJo) = HTR_l(H(X) - yO)

0

ECMWEF, Reading



TL AND AD MODELS

e TANGENT LINEAR MODEL

If M is a model such as:
x(ti+1) = M[x(t;)]

then the tangent linear model of M, called M’, is:

[Sx(tﬂ_l) = M[x(t;)]dx(t;) = 2 54 ]

e ADJOINT MODEL

The adjoint of a linear operator M’ is the linear operator M* such that, for
the inner product <, >,

[ Vx, Vy < Mxy >=<x,M*y > ]

Remarks:
— with the euclidian inner product, M* = M'".

— in variational assimilation, V,J = M*V 47, where J is the cost function.

0

ECMWF, Reading



Importance of regularization to prevent instabilities in tangent-linear model

12-hour ECMWF model
integration (T159 L60)

Thursday 15 March 2001 12UTC ECMWF Forecast t+12 VT Frlr:izq.r 16 March 2001 DODUTC Model Level 48 **Temperature
1202w oW gasE 120°E

1m=w Ll a= G1°E 1M“E

Thursday 15 March 2001 12UTC ECMWF Forecast t+12 WT: Friday 16 March 2001 00UTC Model Level 48 **Temperature
120w W ae &1°E 120°E

Temperature on level 48
(approx. 850 hPa)

Finite difference
between two non-linear
model integrations

Corresponding
perturbations evolved
with tangent-linear
model

No regularization in
convection scheme



Importance of regularization to prevent instabilities in tangent-linear model

Thursday 15 March 2001 12UTC ECMWF Forecast t+12 VT Frlr:izq.r 16 March 2001 DODUTC Model Level 48 **Temperature
1202w oW gasE 120°E

12-hour ECMWF model
integration (T159 L60)

Temperature on level 48
(approx. 850 hPa)

Finite difference
between two non-linear
model integrations

1m=w Ll a= G1°E 1M“E

Thursday 15 March 2001 12UTC ECMWF Forecast t4+12 VT: Friday 16 March 2001 DOUTC Model Level 48 **Temperature
120°W HEW as 1°E 120°E

Corresponding
perturbations evolved
with tangent-linear
model

Regularization in
convection scheme
(buoyancy & updraught
velocity reduced
perturb.)




Basic rules for line-by-line adjoint coding (1)

Adjoint statements are derived from tangent linear ones in areversed order

Tangent linear code

Adjoint code

ox=0 OX =0
OX =Ady + B o5z oy =3y +AdX
02" =0z" + B 6x”
OX =0
OX=AdX+ B dz 02" =dz" + B 6x”
OX = AdX"
dok=1,N dok=N, 1, —1 (Reverse the loop!)

oX(K) = A ox(k-1) + B dy(k)
end do

oX"(k —1) = ox7(k—-1) + A 6x7(K)
dy"(k) = dy*(k) + B dx7(k)
ox*(k) =0

end do

If (condition) tangent linear code

If (condition) adjoint code

And do not forget to initialize local adjoint variables to zero !




Basic rules for line-by-line adjoint coding (2)

To save memory, the trajectory can be recomputed just before the adjoint
calculations.

The most common sources of error in adjoint coding are:

1) Pure coding errors (often: confusion trajectory/perturbation variables),
2) Forgotten initialization of local adjoint variables to zero,

3) Mismatching trajectories in tangent linear and adjoint (even slightly),
4) Bad identification of trajectory updates:

Tangent linear code Trajectory and adjoint code
if (x>x0)then | meemeeeee- Trajectory ----------------
OX = A dX /X Xsore = X (Storage for use in adjoint)
X = A Log(x) If (x > x0) then
end if X =A Log(x)
end if
--------------- Adjoint ----------------—-
If (Xi0re > X0) then
OX™ = A 0X [ Xgiore
end If




lllustration of discontinuity effect on cost function shape:
Model background = {T,, q,}; Observation = RR,
Simple parametrization of rain rate:

— a{q _qsat(T)} if q = qsat(T)1
0 otherwise

q(gkg’)

2 2
J :1 T_Tb +1 9—0, - Of[q qsat(T)]
2\ oy 2\ o, 2 oy
0 ‘ cost fn‘é%ti i) é.g 020 6”0186?8 03) e0n 03 _\ g s ‘COStsLL&%t )=1.0 43%( O)20 2008.3103-3"6;2039 e

q(gkg’)

T(K)

-20 -10 0 10 20
T T

T

Single minimum of cost function

Several local minima of cost function




A short list of existing LP packages used in operational DA

= Tsuyuki (1996): Kuo-type convection and large-scale condensation schemes
(FSU 4D-Var).

= Mahfouf (1999): full set of simplified physical parametrizations
(gravity wave drag currently used in ECMWEF operational 4D-Var and EPS).

= Janiskova et al. (1999): full set of simplified physical parametrizations
(Météo-France operational 4D-Var).

= Janiskova et al. (2002): linearized radiation (ECMWF 4D-Var).

» L opez (2002): simplified large-scale condensation and precipitation scheme
(Météo-France).

» Tompkins and Janiskova (2004): simplified large-scale condensation and
precipitation scheme (ECMWEF).

» | opez and Moreau (2005): simplified mass-flux convection scheme (ECMWEF).

» Mahfouf (2005): simplified Kuo-type convection scheme (Environment Canada).




SSECMWF  1D-var with TRMM/Precipitation Radar data

Tropical Cyclone Zoe (26 December 2002 @1200 UTC; Southwest Pacific)

: F e
Ky . AQUA MODIS image

K2

TRMM Precipitation Radar




SPECMWEF 1D-Var with TRMM/Precipitation Radar data
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Tropical Cyclone Zoe (26 December 2002 @1200 UTC)

Vertical cross-section of rain rates (top, mm h-1) and reflectivities (bottom, dBZ):
observed (left), background (middle), and analyzed (right).

Black isolines on right panels = 1D-Var specific humidity increments.
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