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m Bridging machine learning and data assimilation under the common 4D-Var
framework

m Tangent linear and adjoint of a simple Multi Layer Perceptron (MLP) neural
network

m General MLP neural network and its tangent linear and adjoint
m Link between the adjoint coding and the backpropagation algorithm
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Bridging machine learning and data assimilation under the
common 4D-Var framework

m Let the dynamical model be parameterised by a set of parameters p
constant over the assimilation window:

X = Mo (P, X0) -

m The non-linear cost function is:
1 2 1 2
T 0:x0) = 5 [0 =t + 5 [p =0,
1 L
T3 D llyre — Hi o Mg (P,X0)|\2R;1 :
k=0

m Consider p to be a set of parameters (weights and biases) of a NN.
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Bridging machine learning and data assimilation under the
common 4D-Var framework

Let's derive the quadratic cost function by making a change of variables (6p, §xg) £ (p —p',x0 — x‘o), where
(p',x}) is the first guess:
where:

T (Bx0) = T (p'+ 3P,y + 830 B dy 2y~ HioMyo (),

1 . 9 1 ) , . .
= = HX'O —xg +5x0||1371 + Hp' _ pb + EPHP4 m H, is the tangent linear (TL)

2 = i operator C_Jf Hy, taken at

+ % D Iy = Ha o Mo (' + 6, %) + 60) ||;’:1 ’ Mo (P,

m M, is the TL operator of
Mo taken at (p',x})

®m My can be splitinto M,
and M?

k=0

R~ % Hxi) — x5 —i—éonQB_1 + % Hpi -p° +5P||i,_1

1 L
3]
k=0

£ 7 (8p,bx0) -

2

)

1)
dp —HyMy.o ( 6)5) )

-1
Ry
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Bridging machine learning and data assimilation under the
common 4D-Var framework

Let’s derive the gradients of the quadratic cost function with respect to dxy and
op respectively:

VaijQp, 0xp) = B! (xio - xg + 5x0)
L

_ 1
- Z ME:OTH{RIC ! (dk —H;My.o ( 5353 ))
k=0

VspJ (9p,0%0) = P~" (p' — p® + dp)
- 5
TyTR -1 p
—ZM;O HR; (dk—HkMkﬂ( 5x0 ))
k=0

Remember the lecture yesterday on the 4DVar: we will change the loop on the observations to use M., 1
instead of M.
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Bridging machine learning and data assimilation under the
common 4D-Var framework

Gradient of the incremental cost function f
Input: §p and dxo
1: zp «— 110_1 (Hodxo — do)
2: fork=1to L do
31 oxp + Mp—1 (0p, 6xp_1) "
Zj R;l (Hkéxk — dk)

> TL of the dynamical model M.,
4
5: end for
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Bridging machine learning and data assimilation under the
common 4D-Var framework

Gradient of the incremental cost function f
Input: §p and dxo

1: zp «— 110_1 (Hodxo — do)

2: fork=1to L do

3 Oxp ¢ Mpgp_1 (0D, 0x_1) | > TL of the dynamical model M,.;,_1
4. Zp R;l (Hkéxk — dk)

5: end for

6: %1 <0 > AD variable for system state
7: opr < 0

> AD variable for model parameters
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Bridging machine learning and data assimilation under the
common 4D-Var framework

Gradient of the incremental cost function 7.

Input: §p and dxo

1: z9 + l:lo_1 (H05x0 —do)

fork=1to Ldo

%), Myup—1 (0p, 0xp—1) > TL of the dynamical model M., _;
Zj R;l (Hkéxk — dk)

: end for

10X+ 0 > AD variable for system state
1 oprL <0 > AD variable for model parameters
sfork=Ltoldo

0Xyp, szk + 0Xp

100 (0Pk—1,0%k—1) " < (Myp—1) | 0%p, + (6Pk, 0) " > AD of the dyn. model M., 1
11: end for

12: 0Xo + HE)FZO + d%g

13: %0 + B! (X'O - Xg + 5x0) + d%o

14: 6p+ P! (p —pb+6p) +6Po

Output: Vgpj = ép and V[;xoj = 0%p
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Tangent linear and adjoint of a simple Multi Layer Perceptron
(MLP) neural network

Let’s consider that our state vector x is a scalar = and that the dynamical model
M is a Multi Layer Perceptron with a single hidden layer:

Tpr1 = Misrx (pyax) = fH(wlog +01).

1 011
Xy f, w, b X1
> () >
O O O
Input Layer e R" Hidden Layer € R' Output Layer e R’

Figure: Simple multi-layer perceptron (MLP).
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Tangent linear and adjoint of a simple Multi Layer Perceptron
(MLP) neural network

Tpp1 = Mps1x (P, ) = fHw'zg +b1).

e e AD

Input: =, w', b!
0

a =Ty
2t — wle® 4+ !
1 1/.1
a =f(z)
Tk+1 = Q

Oulpul: Th+1

we will use (f1)'[.: as
the derivative of f! with
regards to z*
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Tangent linear and adjoint of a simple Multi Layer Perceptron
(MLP) neural network

Input: =, w', b!
0

a’ = x
2= wla® + bt
al = f1(z)

Tk+1 = Q
Oulpul: Th+1

we will use (f1)'[.: as
the derivative of f! with
regards to z*

Input: §z, dw?, b, xp, w', bt
5a’ = 6z
5zt = w'da® + a®owt + obt
da = (')'].102"
OTpy1 = Sat

Output: dxp41

Note: we need to recompute z*
inside the TL/AD for (f')'|.: (not
shown)
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Tpp1 = Mps1x (P, ) = fHw'zg +b1).

O (.

(N
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Tangent linear and adjoint of a simple Multi Layer Perceptron
(MLP) neural network

Tpp1 = Mps1x (P, ) = fHw'zg +b1).

NG e JAD:

Input: z;,w', b Input: 6z, dw', §b', xp, w', bt Input: 631, xp, w', b'
a® =z, 5a° = dxp sat =d6a’=063'=0
2P =wla® + ot 521 = w'da® + a’dw't + sbt sal = dat + 0T k41
a' = f1(zY) sat = (fY) |.162" 8kp1 =0
Thy1 = a' Syt = da' 628 = 63" + (fY)|.16a

Output: x4 Output: dxki1 sat =0

0a° = 8a® + w'oz!
we will use (f1)'|.: as Note: we need to recompute z' 6@11 = Qzlbl +a%z!
the derivative of f' with inside the TL/AD for (f')'|.: (not §b =6b + 6z
regards to z* shown) 8zt =0
’ ’ 8%y = 0@y + 0a°
§a° =0
Output: iy, 6w, 5b"
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General MLP neural network and its tangent linear and
adjoint

Let’s consider now that our state vector x is a vector of dimension n and that the
model M is a Multi Layer Perceptron with L layers:

Xp+1 = Mit1k (p,Xk) =fb (WLfL_l (WL_I) . (W2f1 (W1a0>) .. )

Wiy o wi. b
X .
where a° = [ 1’“] = Px;, and Wi =
Wit v Wiy n;
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General MLP neural network and its tangent linear and
adjoint

Kot = Mg (pr) = £ (WEFE (W) g2 (W2 (Wat)) )

TASK: write NL, TL and ADJ pseudo-code
m write NL, TL and ADJ pseudo-code

m follow the notation where 2! is the input to the I — th hidden layer and a! is
the output of the [ — th hidden layer

m make use of a loop structure
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General MLP neural network and its tangent linear and
adjoint

Xp1 = Mgk (pxx) = £ (WEEETH (WETY) L f2 (W2 (WHaf)) L)

Input: x;, W’
aO = ka
fork=1to Ldo
Zi — Wiai71
ai — fl(zl)
end for
Xk+1 = aL
Output: xj11
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General MLP neural network and its tangent linear and
adjoint
Xp1 = Mgk (pxx) = £ (WEEETH (WETY) L f2 (W2 (WHaf)) L)

e . 2

Input: x;, W* Input: 6x, SW', x;,, W’
a’ = Px,, da’ = Péoxy,
fork=1to Ldo fork=1to Ldo
7zl = Wia' ™! Sz' = W’ﬁai L4 ai=lswWe?
a’ = fi(z") da' = (fl) |40z
end for end for
Xkt1 = al OXpt1 = sar
Output: xj11 ) Output: 0xy41 |
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General MLP neural network and its tangent linear and

adjoint

Xp1 = Mgk (pxx) = £ (WEEETH (WETY) L f2 (W2 (WHaf)) L)

Input: x;,, W*
a’ = Pxy,
fork=1to Ldo
Zi — Wia’;l
a' = fi(z%)
end for
Xk+1 = aL
Output: x4

Input: dx, SW', x5, W’
530 = P5Xk
fork=1to Ldo
0zt = Wiga~! + a1 sW!
sa’ = (£1)'|,:62
end for
5Xk+1 = 5aL

) Output: 5Xk+1

v
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Input: 6%4. 1, xz, W
sal = sal + o%p
5ik+1 = 0
fork=Lto 1do
67" = 67" + (£')'|,:04"
sat=0
65171 — 5ai.71 + WlTaiz
SW' = W' 4+ ai~ 176z’
07" =0
end for
5%, = 0% + PT6a°
58 =0 ,
Output: 63°, §W"
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Link between the adjoint coding and the backpropagation

algorithm

X1 = Miyrk (P, Xk) = £ (WLfIfl (WL_I) = (W2f1 (W1a0)> )

Let’s take the derivative of the neural network w.r.t. the input x;. and its parameters W' of the i-th

layer:
df(---) _ df* da" dz“ da"'  da' 9z' da°
dxix  dal' dzt dal-! dzl-! ~°° dz!' Hag dxx
df(---) _df* da® dz da"'  da' o7
dWi  dal dzt dal-! dzl-! 7 dzi OWi

And evaluate the derivatives:

df" () Ly’ L L—1y' L-1 14/ 1
g = ) e W) e W () [ - WP
k
fL(... , / o L
ddixgw) =(F") | - WE (5N oo - WETE () |, WAl
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Link between the adjoint coding and the backpropagation
algorithm

Note that we can write the Tangent Linear model as:

5Xk+1 = Mk+1:k ((5[), 5Xk) d X1 (5Xk =+ Z dW‘

Recall our TL model derived using the line by line approach:

TL:
Input: 6x;, SW!
sa’ = Poxy

fork=1to Ldo
0z = Wiga' ! + al"1oW?
sa’ = (£1)' |02

end for

5xk+1 = 6aL
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Link between the adjoint coding and the backpropagation
algorithm

Recall that the gradient is the transpose of the derivative:

Vaef“ () =PT - (W) (8 | (WED) T (057 oa - (WE) - (89 e
Vst () = (@) (W) () oo (WED T 02 o - (W (85) ],
_ (ai71)T 5

Note that ¢; can be computed recursively going from the end to the beginning:

’

on = (£9) |1
Sia = (F7) Jpn - (W) -5

This allows for an efficient computation of the gradient of the neural network and is known as the
backpropagation algorithm.
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Link between the adjoint coding and the backpropagation

algorithm

Finally note that we can write the adjoint model as:

0%y = Vi £8 () 0%pein
Wi = Vi £ () 0%peq1

where

S [
) (E5) o
T

(w*
(W5)" - ()l
=
(

Vs f¥ () =P7 - (W1)"

Vi f" ai=1)" ( DT (1) |
WL 1)

(WL) : (fL) ‘zL

 ag
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fL 1) |zL*1'

Recall our implementation of the adjoint code: AD:

Input: 0%54 1
sal = sal + 6%

8%pr1 =0

fork=Lto 1do
57t = 67" +(fl)|
53 =0

53~ = sai~! + WiTsz!
W' = W' +ai~1.T 5z
878 =0

end for

8%y, = 0%, + PT6a°

5a° =0

Can you verify that we have effectively implemented
the backpropagation algorithm?
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