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Summary: TL;DR

▶ Context: Bayesian filtering of dynamical systems

▶ Problem: Observation noise misspecification

▶ Approach: Generalized Bayesian inference with DSM

▶ Theory: Conjugacy, robustness, cov. stability and tuning in LGSS

▶ Experiments: EnKF in Lorenz 63 and LETKF in 40D Lorenz 96 −2.5

0.0

2.5

5.0

0.0 2.5 5.0 7.5 10.0
x−Position

y−
P

os
iti

on

True

Obs.

Reg. KF

DSM KF

WoLF KF

Set up
For theory, assume linear, time discrete, time varying signal
evolution equation and linear observation equation:

(S) Xn = AnXn−1 + CnWn

(O) Yn = HnXn + ΓnVn

▶ Xn in Rd , Yn in Rp ,
▶ Wn and Vn - independent

standard Gaussian RVs,
▶ non-singular Qn = CnCT

n
and Rn = ΓnΓT

n , and
▶ p(x0) ∼ n(x0; m0, P0).

Ex.: Partially observed target tracking in two dimensions.

Problem
Bayesian learning is information processing (see [6]) via

p(xn|y1:n) =p(xn|y1:(n−1))

× exp
(︂
− ˆ︂KL

[︁
p(yn)∥p(yn|xn)

]︁)︂
.

The KL divergence needs well-specified models:

“With a finite amount of samples [...] Bayes’ posterior is
highly sensitive to outliers in the data.” [4]

For Bayesian filtering, this results in sensitivity of the
analysis distribution in tail misspecification of the observa-
tion model.

Ex.: Assume Gaussian observation noise to employ KF;
true DGP has heavy-tailed noise.

Idea: Utilize a generalized posterior [3] and replace KL di-
vergence with diffusion score matching motivated by [1, 2].

Theory
Proposition 1 DSM analysis step
The analysis step for the DSM Kalman filter
is given via pDSM(xn|y1:n) ∼ n(x ; ma

n , Pa
n ) with

Nn(yn)−1 = 2k2
n (yn)R−1

n

ỹ = yn − Nn(yn)∇yn 2k2
n (yn)

K̃n(yn) = P f
nHT

n [Nn(yn) + HnP f
nHT

n ]−1

Pa
n = P f

n − K̃n(yn)HnP f
n

ma
n = mf

n − K̃n(yn)[Hnmf
n − ỹn].

Algorithm 1 DSM Kalman filter
1. Forecast Step:

▶ see regular Kalman filter
2. Analysis Step:

▶ update according to Prop. 1

Proposition 2 Global bias robustness
pDSM(xn|y1:n) is globally bias robust for weight function k : Y → R

kn(yn) =
(︂

1 +
∥yn − Hnmf

n∥2
(HnP f

nHT
n +Rn)−1

q2

)︂− 1
2

with tuning parameter q > 0.

Theorem 1 Asymptotic stability via [5]
Grant regular stability assumptions. Assume finite second mo-
ment for the DGP, then Pa

n is weakly stochastically bounded. Ad-
ditionally assuming strict stationarity of the DGP, then Pa

n has a
unique invariant measure and approaches it exponentially fast.

Proposition 3 Tuning in high dimensions
Grant the LGSS is well-specified. For choosing the threshold pa-
rameter q2 = dY , the analysis precision of the DSM Kalman filter
is an asymptotically unbiased w.r.t. the regular analysis precision
for dY → ∞.

Experiments

EnKF varieties in Lorenz 63 with x observed
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Figure 1: Centred trajectories of the unobserved y -component and their Gaussian approximation 95%-CIs in the contaminated model. .
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Figure 2: Averaged IC over M = 1000 repetitions for different ensemble sizes in the well-specified (left) and contaminated model (right).

LETKF varieties in Lorenz 96 with 40D
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Figure 3: Centred trajectories of the first component and their Gaussian approximation 95%-CIs in the contaminated model.
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Figure 4: Averaged IC over M = 100 repetitions for different ensemble sizes in the well-specified (left) and contaminated model (right).
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