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ABSTRACT
Chaotic amplification of errors arises in four-dimensional variational data assimilation (4DVAR) due to inherent nonlinearity of the physical system being observed and modelled. The ocean state can be thought of as decomposing into a nonlinear eddy field and a

linear background field. Here, a new method is investigated to define the eddy field in terms of goals for the balance, conservation, and error growth potential of the background field that results from subtracting the eddy field from the ocean state. The eddy field
is learned by a U-net given only sea surface height (SSH) for 16 ensemble members (4 held for validation) of weekly-averaged six-year (2020-2025) ~30km ECCO runs, so the operators are calibrated using ECCO 1deg monthly reanalysis spanning 1999-01 to
2019-12 (28 years) then applied to learning on sixteen of twenty free run ensemble of SSH (four held out for validation). There are significant differences between the otherwise similar learned eddy field and traditional climatological and ensemble eddy fields that
should be investigated further that may point to improvements in the implementation or insights about how oceanographic features correlate spatiotemporally with features that impact 4DVAR performance. In terms of how suitable the background is for 4DVAR,
the learned eddy field outperforms climatology and ensemble in 11/13 tiles, underperforming in the polar tiles. This pattern persisted when the model was applied to higher-resolution snapshots.
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Figure 1. The objective is to learn an (area-weighted) eddy field e that is as small and smooth as possible then compute the Figure 3. The original model state x (first row) is decomposed into a background (second row) and eddy field (third row), and the
background b from the identity b = x — e where x is the model state. C enforces the constraint that the eddy field doesn’t create Rossby number of the resulting background is computed (fourth row). The learned fields (left column) have a similar level of
or destroy water/heat/salt by forcing the area-weighted integral of e to vanish across all scales. Because of the broad scope of topological complexity to the ensemble fields (right column); the climatology-based fields (center column) are exceptionally
validation required to apply a balance operator B learned in a different model/regime then apply to only 2D fields, B(b) is treated smooth in the background and have the most intense features in the eddy field. These intense features tend to amplify during
instead as Ro(b) in the loss function. The error growth is informed by the Rossby deformation radius L _d and eddy turnover / 4DVAR due to their nonlinearity, while the background is too flat, making it difficult to apply reasonable increments. The learned
instability growth timescale., such that the timescale for how quickly errors should grow is grounded in f and stratification N. eddy field is much smaller and smoother but shares much of the same features as ensemble. The Rossby number of the learned
background is smaller (not zero like the climatology).

Holdout decomposition diagnostics -- SSH_mean (sea surface height anomaly), weekly cadence, 4 val members x 95 weeks (2024-03-16 to 2025-12-28)
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b physics model run. Further, attention is applied to the Figure 4. Validation. The success of this approach is evaluated based on whether the learned e achieves a lower L(e) than
i, — e U-net within frequency bands so that background climatology’s e=x or ensemble mean’s e=x-mean_ens(x) on the same held-out data. If it is lower that just means gradient
variability should be able to draw upon large-scale descent worked, so we also check how the model’s e performs when evaluated on tiles it never saw at a resolution it also never
Db context while e is mostly locally coherent. Local saw. The learned e outperforms on 11 of 13 tiles, which generalized to unaveraged snapshots that were not part of the training
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