
A 4DVAR-aware method of decomposing geophysical model fields 

into eddy and background components

ABSTRACT

Chaotic amplification of errors arises in four-dimensional variational data assimilation (4DVAR) due to inherent nonlinearity of the physical system being observed and modelled. The ocean state can be thought of as decomposing into a nonlinear eddy field and a 

linear background field. Here, a new method is investigated to define the eddy field in terms of goals for the balance, conservation, and error growth potential of the background field that results from subtracting the eddy field from the ocean state. The eddy field 

is learned by a U-net given only sea surface height (SSH) for 16 ensemble members (4 held for validation) of weekly-averaged six-year (2020-2025) ~30km ECCO runs, so the operators are calibrated using ECCO 1deg monthly reanalysis spanning 1999-01 to 

2019-12 (28 years) then applied to learning on sixteen of twenty free run ensemble of SSH (four held out for validation). There are significant differences between the otherwise similar learned eddy field and traditional climatological and ensemble eddy fields that 

should be investigated further that may point to improvements in the implementation or insights about how oceanographic features correlate spatiotemporally with features that impact 4DVAR performance. In terms of how suitable the background is for 4DVAR, 

the learned eddy field outperforms climatology and ensemble in 11/13 tiles, underperforming in the polar tiles. This pattern persisted when the model was applied to higher-resolution snapshots.

4DVAR on an eddy-resolving model can lead to unbounded growth of singular values and model failure, so it would be desirable to disaggregate the nonlinear eddy field from the 

background, do 4DVAR on the background, and restore the eddy field. These results focused on how to construct the suitable background and leave the details of implementation in 

4DVAR to future work. The background sits on a smooth balanced manifold by construction—the fact that it outperforms climatology and ensemble means is unremarkable since the 

gradient descent optimization practically guarantees this result. 

More remarkable is that this feature 1) extrapolates beyond the training tile to other tiles; 2) is robust across model runs and time periods that were not in the training; 3) continues to be 

the case when applied to higher-resolution snapshots instead of the training weekly mean; and 4) results in an eddy field that, while relatively small, aligns with features stereotypically 

associated with nonlinearity such as closed Okubo-Weiss contours even when the balance operator is a simple smoothness constraint (vs. Rossby number dependent in the main 

results). This suggests that the eddy field used to calculate the background is physically meaningful even though the objective used to calculate e is defined by desirable characteristics 

for 4DVAR, not kinematics. Detailed examination of how the eddy field aligns with physical phenomena of interest like fronts and eddies would be a useful future step in evaluating the 

usefulness of this decomposition. 

The main test will be to attempt this procedure of 4DVAR on the background field before restoring eddies in an operational setup to see how it impacts stability and accuracy of the results 

at eddy-resolving resolutions. This would at least establish the practical value of the results; a machine-learned background field lacks some of the conceptual clarity that climatology and 

ensemble mean have and needs to be evaluated not just based on whether it satisfied its objective and showed generalizability but in terms of whether its solution is unique and has a 

useful physical interpretation. Considering the small amplitude of the learned eddy field, it represents something smaller than the deviation from typical ocean conditions or the spread of 

possible states that also aligns well with the most nonlinear features. A more detailed evaluation is beyond the scope of this eight-week project but would benefit from more evaluation of 

the field decomposition and practical results in a 4DVAR operational setup. 

DISCUSSION
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Figure 4. Validation. The success of this approach is evaluated based on whether the learned e achieves a lower L(e) than 

climatology’s e=x or ensemble mean’s e=x-mean_ens(x)  on the same held-out data. If it is lower that just means gradient 

descent worked, so we also check how the model’s e performs when evaluated on tiles it never saw at a resolution it also never 

saw.  The learned e outperforms on 11 of 13 tiles, which generalized to unaveraged snapshots that were not part of the training 

data (it was trained on weekly averaged data). The contributions to L(e) are disaggregated above.
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Figure 1. The objective is to learn an (area-weighted) eddy field e that is as small and smooth as possible then compute the 

background b from the identity b = x – e where x is the model state. C enforces the constraint that the eddy field doesn’t create 

or destroy water/heat/salt by forcing the area-weighted integral of e to vanish across all scales. Because of the broad scope of 

validation required to apply a balance operator B learned in a different model/regime then apply to only 2D fields, B(b) is treated 

instead as Ro(b) in the loss function. The error growth is informed by the Rossby deformation radius L_d and eddy turnover / 

instability growth timescale., such that the timescale for how quickly errors should grow is grounded in f and stratification N. 

4DVAR MOTIVATION

Figure 2. The model architecture. When the learned 

model incorporates no scale information, e focuses on 

the large-scale signal, which minimizes magnitude 

and roughness without preserving the eddy structure 

associated with nonlinearity. To mitigate this, e is 

evaluated in a wavelet-style decomposition so that the 

objective function can treat each scale band 

separately. Weight is scaled according to the local 

L_d such that energy is weighted more heavily below 

L_d without hard-zeroing the other bands. The scaling 

factor lambda_wave is calibrated based on the full 

physics model run. Further, attention is applied to the 

U-net within frequency bands so that background 

variability should be able to draw upon large-scale 

context while e is mostly locally coherent. Local 

attention is also applied over an area that scales with 

the local L_d.

Figure 3. The original model state x (first row) is decomposed into a background (second row) and eddy field (third row), and the 

Rossby number of the resulting background is computed (fourth row). The learned fields (left column) have a similar level of 

topological complexity to the ensemble fields (right column); the climatology-based fields (center column) are exceptionally 

smooth in the background and have the most intense features in the eddy field. These intense features tend to amplify during 

4DVAR due to their nonlinearity, while the background is too flat, making it difficult to apply reasonable increments. The learned 

eddy field is much smaller and smoother but shares much of the same features as ensemble. The Rossby number of the learned 

background is smaller (not zero like the climatology).

LEARNED EDDY, BACKGROUND FIELD COMPARISON WITH CLIMATOLOGY AND ENSEMBLE
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+----------------------------------------------------------------------------------------------------+

|                 ECCO Data Products Architecture                  |

+----------------------------------------------------------------------------------------------------+

|                                                  |

|  llc540 Eddy-Resolving Ensemble (Primary Target)    llc90 V4r5 Adjoint State Estimate     |

|  ┌──────────────────────────────────────────────┐   ┌──────────────────────────────────────┐  |

|  │ • 20 Members (run50_40 .. run50_59)     │   │ • Deterministic Reanalysis      │  |

|  │ • Era: 2020-01-04 to 2025-12-28 (Weekly)   │   │ • Era: 1992-01 to 2019-12 (Monthly) │  |

|  │ • Native resolution: ~5-7 km (540x540/tile) │   │ • Native resolution: ~30-100 km   │  |

|  │ • Variables: SSH_mean, SSH_snap, OBP_mean  │   │ • Variables: 3D T/S, Velocities, N² │  |

|  │ • Subsurface T/S: NONE (Surface only)    │   │ • Role: Offline Physics Calibration │  |

|  └──────────────────────────────────────────────┘   └──────────────────────────────────────┘  |

+----------------------------------------------------------------------------------------------------+
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